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THE VALUE OF TAX SHIELDSWITH A FIXED
BOOK-VALUE LEVERAGE RATIO

Abstract

The value of tax shields depends only on the nature of the stochastic process of the
net increases of debt. The value of tax shields in aworld with no leverage cost is the tax rate
times the current debt plus the present value of the net increases of debt. We develop
valuation formulae for a company that maintains a fixed book-value leverage ratio and show
that it is more realistic than to assume, as Miles-Ezzell (1980) do, a fixed market-value
leverage ratio. We also show that Miles-Ezzell assume that the increase of debt is
proportional to the increase of the free cash flows.

JEL classification: G12; G31; G32

Keywords: Vaue of tax shields, present value of the net increases of debt, required return
to equity



THE VALUE OF TAX SHIELDSWITH A FIXED
BOOK-VALUE LEVERAGE RATIO

There is no consensus in the existing literature regarding the correct way to
compute the value of tax shields. Most authors think of calculating the value of the tax
shield in terms of the appropriate present value of the tax savings due to interest payments
on debt, but Modigliani-Miller (1963) propose to discount the tax savings at the risk-free
rate', whereas Harris and Pringle (1985) propose discounting these tax savings at the cost of
capital for the unlevered firm. Miles and Ezzel (1985) propose discounting these tax savings
the first year at the cost of debt and the following years a the cost of capital for the
unlevered firm. Reflecting this lack of consensus, Copeland et al. (2000, p. 482) claim that
“the finance literature does not provide a clear answer about which discount rate for the tax
benefit of interest istheoretically correct.”

We show that the value of tax shields depends only upon the nature of the
stochastic process of the net increase of debt. More specificaly, we prove that the value of
tax shieldsin aworld with no leverage cost is the tax rate times the current debt, plus the tax
rate times the value of the future net increases of debt.

By applying this formulato specific situations, we show that the Modigliani-Miller
(1963) formula should be used when the company has a preset amount of debt; Ferndndez
(2004), when the company expects the increases of debt to be as risky as the free cash flows
(for example, if the company wants to maintain a fixed book-value leverage ratio); and
Miles-Ezzell (1980), only if debt will be always a multiple of the equity market value (D; =
L-S). We will argue that although D; = L-S; provides a computationally elegant solution, it
IS not a redlistic one. What is more, we have not seen any company that follows this
financing policy.

It makes much more sense to characterize the debt policy of a company with
expected constant leverage ratio as a fixed book-value leverage ratio rather than as a fixed
market-value leverage ratio because

1. the debt does not depend on the movements of the stock market,
2. itiseaser tofollow for unlisted companies, and
3. managers should prefer it because the value of tax shieldsis higher.

| thank my colleagues José Manuel Campa and Charles Porter for their wonderful help revising earlier
manuscripts of this paper, and an anonymous referee for very helpful comments. | also thank Rafael Termes
and my colleagues at |ESE for their sharp questions that encouraged me to explore val uation problems.

! Myers (1974) proposes to discount it at the cost of debt (Kd).



Although Cooper and Nyborg (2006) disagree, this paper shows that Fernandez’'s
(2004) formula (28) (VTS = PV[Ku; D-T-Ku]) is valid, but only under the assumption that
the increases of debt are asrisky as the free cash flows.

The paper is organized as follows. In section 1 we derive the general formula for
the value of tax shields. In section 2 we apply this formula to specific situations. Section 3
discusses the opinions of other authors. In section 4 we calculate the value of taxes for the
levered and the unlevered firm. Section 5 is a numerica example. Section 6 presents
the valuation formulae for finite horizons. Section 7 discusses the influence of growth on the
risk of the cash flows. Section 8 concludes.

To avoid arguments about the appropriate discount rates, we will use pricing
kernels. The price of an asset that pays a random amount x; at time t is the sum of the
expectation of the product of x; and My, the pricing kernel for timet cash flows:

P :iE[Mt'Xt] (1)
1

1. General expression of the value of tax shields

The value of the debt today (Do) is the value today of the future stream of interest
minus the value today of the future stream of the increases of debt (ADy):

Do = YEM Interest; |- . E[M,-AD, 2
1 1

As the value of tax shields is the value of the interest times the tax rate,
VTSy =TS E[M; Interest; | = T-Dg + TS E[M-AD,] ©)
1 1

Equation (3) is valid for perpetuities and for companies with any pattern of growth.
More importantly, this equation shows that the value of tax shields depends only upon the
nature of the stochastic process of the net increase of debt. The problem of equation (3) is
how to calculate the value today of the increases of debt.

The value today of the levered company (Vo) is equal to the value of debt (Do)
plus the value of the equity (Sp). It is aso equal to the value of the unlevered company
(Vug)? plus the value of tax shields due to interest payments (VTSp):

Vio=S+Do=VUu + VTS 4

In the literature, the value of tax shields defines the increase in the company’s
value as aresult of the tax saving obtained by the payment of interest.

2 According to our notation, Vug = 3 E[M-FCF, | and Sy = 3 E[M-ECF, |, where FCF is the free cash flow
1 1

of period t, and ECF, is the equity cash flow of period t.



2. Value of the increases of debt and value of tax shields in specific
Situations

We apply the result in (3) to specific situations and show how this formula is
consistent with previous formulae under restrictive scenarios. We will assume that

FCFu1= FCF (1 + g)(1 + &111) (5)

€w+1 1S arandom variable with expected value equal to zero (Efew1] = 0), but with a
value today smaller than zero:

d (6)
1+ R E

E¢ [M t,t+1'8t+1] =-

Therisk free rate corresponds to the following equation:

1
1+ R

= % E[M,1] )

First, we deduct the value of the unlevered equity. If M1 IS the one-period pricing
kernel at timet for cash flows at time t+1,

Vu, = E, [Mr,z+1 'FCFr+1 ]+ E, [Mt,rﬂ 'Vuzﬂ] (8)

A solution must be Vu; = a-FCF; then:

Vu; = E¢[M t,t+1'FCFt+1]+ E¢[M tt+1-aF CRu1]= (1+2)E(M t,t+1'FCFt+1] 9

According to (5):

E, [MI,HI "FCF,,, J =E, [MI,HI -FCF,(1+ g)J+ E, lMt,t+1 -FCF, (1 + g)gHIJ ('10)

Using equation (6) and defining Ku = (Rg+d) / (1 - d):

E [M ECF ]: FCR(1+g) FCR(1+g)d _ FCR (1+9)(1-d) _ FCFK (1+9) (11)
T R 1+ Rp 1+Rp 1+Ku
VU, = aFCF, = (1+a) o1+ 9 (12)
1+Ku
_(+9
4= Ku-g (13)

Then:

_SE[m, Fcr 1= 4+9
Vu _§E[Mt FCR = Ku_g Ch (14)




2.1. Debt is proportional to the equity book value

If D; = K-Ebwv;, where Ebv is the book value of equity, then AD; = K-AEbv;. The
increase of the book value of equity is equal to the profit after tax (PAT) minus the equity
cash flow (ECF). The relationship between the profit after tax of the levered company
(PAT.) and the equity cash flow (ECF) is:

ECF{ = PATLt - AAt + ADt (15)
Notation being, AA; = Increase of net assets in period t (Increase of Working
Capital Requirements plus Increase of Net Fixed Assets); AD; = D; — D1 = Increase of Debt
in period t.

Similarly, the relationship between the profit after tax of the unlevered company
(PATu) and the free cash flow (FCF) is:

FCF, = PATu; — AA, (16)
According to equation (15)
AEbv; = PAT — ECF = AA{— AD;=AD;/K (a7

In this situation, the increase of debt is proportional to the increases of net assets
and the risk of the increases of debt is equal to the risk of the increases of assets:

AD; = AA;/ (1+1/K) (18)
The value today of the increases of debt is:

Eo[M 0t AD]= (%)Eo M ot AR (19)

We will assume that the increase of net assets follows the stochastic process
defined by AAw1 = AA¢ (1+9)(1+0dw+1). Or+1 1S @ random variable with expected value equal to
zero (Ef ¢w1] = 0), but with avaue today smaller than zero:

Mg ual= - (20)
Then, in the case of a growing perpetuity:
t_ et
oMoy -ADt]zAAO(lfKJ (1:193 FilF)tf) (21)
If we cal (1+a) = (1+RF) / (1-f), then
Eq[Mo-AD{|= ADg % (22)

o is the appropriate discount rate for the expected increases of debt. > E[MAD,]is
1

the sum of a geometric progression with growth rate = (1+g)/(1+o.).



Then:
ADg (1+9) _ADo(1+9) _ gD

%E[MtADt]zl_lJrig(l+oc)_ o-g o-g (23)
1+a
Substituting (23) in (3), we get:
VTSy = 2021 (24)

(—9)

2.2. Debt is proportional to the Equity book value and the increase of assets is
proportional to the free cash flow

In this situation, AA+1 = Z-FCF;, and equation (19) is:
K K
Eo[M 0,t"AD¢ J= (mj Eo[M ot AAL ]= (HJZ'EO M ot FCR] (25)

Thisis equivaent to assuming that ¢v+1 = €+1. Then f = d, and oo = Ku. According to
equation (14):

it [ K R . _ K (l+g)FCF0= gDy 26
%E[MtADt]_(—“K)z%E[MtFCFt] [“sz <u—g " Ku-g (26)
Substituting (26) in (3), we get:
DoKuT
VTS, = (27)
" (Ku-g)

If we assume that the increases of debt are as risky as the free cash flows (o = Ku),
the correct discount rate for the expected increases of debt is Ku, the required return to the
unlevered company. (27) is equal to equation (28) in Fernandez (2004).3

2.3. The company has a preset amount of debt

In this situation, AD; is known with certainty today.

(1+9)" (28)

Eo[Mos-AD¢|= 4D, N
(1+RF)

oo

S E[M,AD, } is the sum of a geometric progression with growth rate (1+g)/(1+Rg).
1

3 Fernandez (2004) neglected to include in Equations (5) to (14) terms with expected value equal to zero. And
he wrongly considered as being zero the present value of a variable with expected value equal to zero. Due to
these errors, Equations (5) to (17), Tables 3 and 4, and Figure 1 of Fernandez (2004) are correct only if
Wo[AAJ = Wo[ADt] =0.



Then:
S __ ADg (1+g) _ADg(1+9g) _ dDg
§E[MtADt]—l_ 149 @Ry Rp—g Re-g (29)
1+R|:

Substituting (29) in (3), we get:

_DgRgT (30)
VTS, =
Y Re-0)

In this case, Modigliani-Miller (1963) applies. the appropriate discount rate for the
ADy¢ (known with certainty today) is Rg, the risk-free rate. Note that, in the case of a growing
perpetuity, Modigliani-Miller may be viewed as just one extreme case of section 2.2, in
which o = Rr.

2.4. Debt is proportional to the Equity market value

This is the assumption made by Miles and Ezzell (1980) and Arzac and Glosten
(2005). If Dy =L-S,

D 1+L
V,_t:St+Dt:Tt+Dt: — D (31)

We prove in Appendix 1 that the value today of the increase of debt in period 1, if
the debt grows at a constant rate g, is.

Do(1+9) Do

Eo[Mo14D; )= 1+Ku 1+Rp (32)

We also prove that for t > 1:

aplep. A+97 (@+g 1
EO[MO’tADt]_DO(1+Ku)H((1+KU) (1+RF)] 3

oo

> E[M,AD,] isthe sum of ageometric progression with growth rate (1+g)/(1+Ku).
1

Then:

= _ Dy (. Ku-Rg
e vl (39

KU—RF
1+R|:

Note that, under Miles-Ezzell 3 E[MAD]<0 if g<
1

Substituting (34) in (3), we get:

VTS, = DoRE T (1+Ku) (35)
(Ku=-9g) (1+RE)

It makes more sense to characterize the debt policy of a growing company with
expected constant leverage ratio as a fixed book-value leverage ratio instead of as a fixed
market-value leverage ratio because:



1. the debt does not depend on the movements of the stock market,
2. itiseaser tofollow for non-quoted companies, and

3. managers should prefer it because the value of tax shields is higher: (35) is
smaller than (27) and than (24).

To assume D; = L-E; is not a good description of the debt policy of any company
because if a company has only two possible states of nature in the following period, it is
clear that under the worst state (low share price) the leveraged company will have to raise
new equity and repay debt, and this is not the moment companies prefer to raise equity.
Under the good state, the company will have to take alot of debt and pay big dividends.

The Miles-Ezzell setup works as if the company pays all the debt (Dy.;) at the end
of every period t and simultaneously raises al new debt D;. The risk of raising the new debt
is similar to the risk of the free cash flow and, hence, the appropriate discount rate for the
expected value of the new debt is Ku.

D; = L-S may be a computationally elegant solution (as shown in Arzac-Glosten,
2005), but unfortunately not a realistic one. Furthermore, we have not seen any company
that follows this financing policy.

In Appendix 1 we also prove that if D; = L-S;, then the increase of debt is
proportional to the increase of the free cash flows.

3. Value of net increases of debt implied by other authors

Table | summarizes the implications of severa approaches for the value of tax
shields and for the value of the future increases of debt.

As we have aready argued, Modigliani-Miller (1963) should be used when the
company has a preset amount of debt; Fernandez (2004), when we expect the increases of
debt to be as risky as the free cash flow (for example, if the company wants to maintain a
fixed book-value leverage ratio); and Miles-Ezzell (1980), only if debt will be a multiple of
the equity market value D; = L-E;. If the company maintains a fixed book-value leverage
ratio and the risk of the increases of assets is different than the risk of the free cash flow,
then the formulas of section 2.3 (and Appendix 2) should be applied.

Fieten et a. (2005) argue that the Modigliani-Miller formula may be applied to all
situations. We have shown that it is valid only when the company has a preset amount of
debt.

Cooper and Nyborg (2006) affirm that equation (27) violates value-additivity. It
does not because equation (4) holds. They use only the cost of debt (Rg) or the cost of the
unlevered equity (Ku) to discount the expected value of tax shields. We have seen that there
are also other debt policies, for example, when the firm wants to maintain a fixed book-
value leverage ratio.



4. Value today of the expected taxes
If leverage costs do not exist, then Eqg. (4) could be stated as follows:
Vug + Gup =S+ Do + Gro (36)

where Guy is the value today of the taxes paid by the unlevered company and G, is the
value today of the taxes paid by the levered company. Eq. (36) means that the total value of
the unlevered company (left-hand side of the equation) is equal to the total value of the
levered company (right-hand side of the equation). Total value is the enterprise value (often
called the value of the firm) plus the value today of taxes. Eq. (36) assumes that expected
free cash flows are independent of leverage’. From (4) and (36), it is clear that the value of
tax shields (VTS) is

VTSQ = GUo — G|_o (37)

The taxes paid every year by the unlevered company (Taxes,) are
Taxesy: = [T/(1-T)] PATu=[T/(1-T)] (FCF + AAy) (38)

For the levered company, taking into consideration Eq. (17), the taxes paid each
year (Taxes ) are:

TaxeSLt = [T/(l-T)] (ECFt + AAt 'ADt) (39)

The present values at t=0 of equations (38) and (39) are:

Gug = (%j@ E[M-FCF, ]+ S E[M, -AAt]j = (%j(wo + % E[M,-AA, ]j (40)

- 1

Glo= (Lj E‘,E[Mt'ECFt]"‘ iE[Mt'AAt]_iE[Mt'ADt] (41)
1-TA'1 1 1

The value of tax shields is the difference between Gu (40) and G (41).

5. A numerical example and a closer look at the discount rates

Appendixes 1, 2 and 3 derive additional formulae for the three theories discussed in
this paper applied to growing perpetuities. Table Il is a summary of the main formulae.
Table 11l contains the main vauation results for a constant growing company. It is
interesting to note that, according to Miles-Ezzell, the value today of the increases of debt is
negative. According to Modigliani-Miller, Ke < Ku. It is interesting to note that while two
theories assume a constant rate for the increases of debt (Modigliani-Miller assumes Rg and
Fernandez assumes Ku), Miles-Ezzell assumes one rate for t = 1 and Ku for t>1. The
appropriate discount rate for the increase of debt int = 1 is, according to Miles-Ezzell,
equation (A1.9):

g(1+Ku) 1+ Rg)
g(1+Rg)+Rg—Ku

1+ KADl =

* When leverage costs do exist, the total value of the levered company is lower than the total value of the

unlevered company. A world with leverage cost is characterized by the following relation:
Vu+Gu=S+D+GL + LeverageCost > S+ D + GL

Leverage cost is the reduction in the company’ s value due to the use of debt.



In our example, Kap1 = —280.9%.

Table IV contains the value of the tax shields (VTS) according to the different
theories as a function of g and o. The results change dramatically when g increases. It may
be seen that Modigliani-Miller is equivalent to a constant book-value leverage ratio (D¢ =
L-Ebvi), when o= Rg = 4%. The VTS according to M-M isinfinite when g > Rg. Fernandez
(2004) is equivalent to D; = L-Ebv; when o = Ku = 9%.

Table V contains the value today of the increases of debt in different periods and
the sum of all of them. According to Miles-Ezzell, the value today of the increases of debt in
every period is negative.

We also prove that athough the equity value of a growing perpetuity can be
computed by discounting the expected value of the equity cash flow with a single rate Ke,
the appropriate discount rates for the expected values of the equity cash flows are not
constant. Table VI presents the appropriate discount rates for the expected values of the
equity cash flows of our example. According to Miles-Ezzell, Ke is 75.77% for t = 1 and
9% for the rest of the periods. According to Modigliani-Miller, Ke < Ku = 9%.

We also derive the appropriate discount rates for the expected values of the taxes.
If we assume that the appropriate discount rate for the increases of assets is Ku, then the
appropriate discount rate for the expected value of the taxes of the unlevered company is
also Ku. But the appropriate discount rate for the expected value of the taxes of the levered
company (Krax.) is different according to the three theories. Table VII presents the
appropriate discount rates for the expected values of the taxes in the initial periods for our
example. According to Miles-Ezzell, Krax.: 1S 9.79% for t = 1 and 9% for the rest of the
periods. According to the other theories, Krax.t is higher than Ku (9%) and grows with t.

According to Modigliani-Miller and according to Fernandez, the taxes of the
levered company are riskier than the taxes of the unlevered company. However, according
to Miles-Ezzell, both taxes are equally risky for t > 1.°

6. Valuation formulaefor finite horizons

We have developed formulae for perpetuities. In this section, we show the main
valuation formulae for a growing company that will produce cash flows only until period
t=T. Today ist=0.

In the case of a company that maintains a fixed book-value leverage ratio, the vaue
today of the increases of debt and the value of tax shields are®:

.
%E[M (AD,]= %lk[i—i) ] (237)
T
VTSO — DO T [O( _ g[l-'__gj :l (24T)
(u—0Q) 1+a

®|f the risk of the increase of assetsis smaller than the risk of the free cash flows, then Miles-Ezzell provides a
surprising result: the taxes of the levered company are less risky than the taxes of the unlevered company.
® The numbers of the formulag in this section are the same as in previous sections; we merely add aT.
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If the company maintains a fixed book-value leverage ratio, and the increases of
assets are as risky as the free cash flows, the value today of the increases of debt and the
value of tax shields are:

I _ 9Dg 1+g '
%E[MtADt]_ Ku—g{l_(ﬁ Ku] } (26T)

_ DoT |, (14g)
TSO_(Ku—g)[Ku g(1+Kuj ] (277)

If we assume that the increases of debt are riskless, the value today of the increases
of debt and the value of tax shields are:

3 E[M, a0, |- 2P0 1—[ 1+g jT
1 YT RE—g 1+Rg (29T)

T

_ DoT 3 1+g
VTSO—(RF_g)[RF Q(HRFJ } (30T)
Under Miles-Ezz€ll:
T D Ku-R 1+g T
Zl:E[MtADt]— Kufg[g— 1+RFF]{1-(1+ Kuj 1 (34T)
DT Ku_R. 149

VTSO—(Ku_g)(1+RF)[RF(1+Ku) [Ku-Rg g(1+R,:)(1+Kuj ] (35T)

7. 1sKu independent of growth?

Up to now we have assumed that Ku is constant, independent of growth. From
equation (6) we know that FCF; = PATu, - AA:.

If we consider that the risk of the unlevered profit after tax (PATu) is independent
of growth, and that Keaty iS the required return to the expected PATu, the present value of
equation (6) is:

_(1+9)FCRy _ (1+Qg)PATuy  dAg
~ (Ku-g)  (Kpaty—-9) (a-Q)
(1+g)FCRy
(1+ g)PATUO _ ng
(Kpatu—9) (a—09)

Ku=g+

Table VIII contains the required return to the free cash flows (Ku) as a function of
o (required return to the increase of assets) and g (expected growth). It may be seen that Ku
isincreasing in g’ if a < Kpaty, and decreasing in g if o > Kpaty

" This result contradicts Cooper and Nyborg (2006), who maintain that “Ku is decreasing in g
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8. Conclusions

The value of tax shields depends only upon the nature of the stochastic process of
the net increase of debt. More specifically, the value of tax shields in a world with no
leverage cost is the tax rate times the current debt, plus the tax rate times the value today of
the net increases of debt. This expression is equivalent to the difference between the present
values of two different cash flows, each with its own risk: the value today of taxes for the
unlevered company and the value today of taxes for the levered company. The critical
parameter for calculating the value of tax shields is the value today of the net increases of
debt. It may vary for different companies, but it may be calculated in specific circumstances.

For perpetual debt, the value of tax shieldsis equal to the tax rate times the value of
debt. When the debt level is fixed, Modigliani-Miller (1963) applies, and the value of tax
shields is the value today of the tax shields, discounted at the required return to debt. If the
leverage ratio (D/E) is fixed at market value, then Miles-Ezzell (1980) applies with the
caveats discussed. If the leverage ratio is fixed at book values and the increases of assets are
as risky as the free cash flows (the increases of debt are as risky as the free cash flows), then
Fernandez (2004) applies. We have developed new formulas for the situation in which the
leverage ratio isfixed at book values but the increases of assets have a different risk than the
free cash flows.

We argue that it is more realistic to assume that a company maintains a fixed book-
value leverage ratio than to assume, as Miles-Ezzell (1980) do, that the company maintains
afixed market-value leverage ratio.
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Tablel

for calculating the value of tax shields.
Per petuities growing at a constant rate g

Valuetoday of theincreases of debt implicit in the most popular formulae

Authors

VTS

PVJ[AD{]= S E[M,AD,]
1

Miles-Ezzell (1980)

Do Re T (1+Ku)

DO ) Ku- RF
Arzac-Glosten (2005) (Ku—g) (1+Rf) Ku—gl ) 1+R;
T . DO RFT gDO
Modigliani-Miller (1963 —
9 (1963) (Re-9) Re-9
, DO KuT gDO
F 2004 —
erndndez (2004) Ku—-g) Ku—g
DgoaT D
Constant book-value leverage 0% 9%
(a—-9) o-g

Ku = unlevered cost of equity
T = corporate tax rate

Dy = debt value today

Re = risk-freerate

o, = required return to the increases of assets

Tablell

Main formulasin the appendixesfor growing perpetuities

Modigliani-Miller

Fernandez (2004) Miles-Ezzell
D; fixed D, = K-Ebv; D; = K-E;
ADt:KCth AthKFCFt ADt:KAFCFt
VTS DO RF T DO KuT DORFT (1+ KU)
’ (Re-9) (Ku-g) (Ku-g) (1+Rg)
g(1+Ku) (1+REg)
1+Kyp1 1+Re 1+Ku g(1+Rp)+REp-Ku
Kap2 Re Ku Ku
Dg ReT Dg Dy ReT
Ku+—(Ku-Rg)1- Ku+—(Ku-Rg)A-T Ku+—(Ku-Rg) 1-
Ke EO( F)( (Rp—g)) EO( PE-T) | Ku+ EO( u-Rg) TRy
Krs1 Re Re Re
Re(1+Ku) + gKu(l+ Rg)
Krsz Re (1+Ku)+ g1+ RE) Ku
1+Ke,
Ke-g)(1+K
Miles-Ezzell % (AL6)
o (Ke-g)(1+ Rg)(1+Ku)
- A3.3
Modigliani-Miller (Ku—g)(1+ Rp) + (Ke—Ku)(1+ g) ( )
3 (Ke-g)(1+ Rg)(1+ Ku)
A2.6
Fernandez (2004) (Ku—g)(1+ Rp)+ (Ke—Ku) ( )
D¢ = L-Ebw; (KU— g) D g _ RF(].— T)
O1+Ku) % (@+0) (@+Rp)
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Tablelll

Example. Valuation of a constant growing company

FCFo = 60; Ag =1,000; Dg = 500;
R =4%; Ku =9% =a; T =40%; g = 3%; Vup= 1,030

Modigliani-Miller Fernandez Miles-Ezzell
D, fixed D, = K-Ebv, D, = K-E;
AD=K-CFd, AD=K-FCF, AD=K-AFCF;
VTS, 800 300 139.74
Eo 1,330 830 669.74
PVo[AD{] 1,500 250 -150.64
Gu = PV [TAX 1,020 1,020 1,020
G = PV[TAX] 220 720 880.26
Ke average 7.87% 10.81% 12.68%
Modigliani-Miller Fernandez Miles-Ezzell
D, fixed D, = K-Ebv, D, = K-E;
t=1 t=2 t=1 t=2 t=1 t=2
Kant 4% 4% 9% 9% -280.9% 9%
Kot 4% 4% 4.14% 4.27% 9% 9%
Key 8.76% 8.75% 9.98% 10.01% 75.77% 9%
Kst 7.83% 7.79% 10.87% 10.94% 9% 9%
Kyut 9% 9% 9% 9% 9% 9%
KyTst 4% 4% 5.711% 5.753% 9% 9%
Krst 4% 4% 4% 4.139% 4% 9%
Kraxut 9% 9% 9% 9% 9% 9%
Kraxit 9.79% 9.84% 9.79% 9.81% 9.79% 9%
TablelV

Value of thetax shields (VTS) according to the different theories as a function of g
(expected growth) and o (required return to theincrease of assets).
Do = 500; Rg = 4%; Ku =9%; T = 40%

g

0% 1% 2% 3% 4% 5%
Miles-Ezzell 93.16| 104.81| 119.78| 139.74| 167.69| 209.62
Modigliani-Miller 200.00| 266.67| 400.00| 800.00 oo o
Fernandez (2004) 200.00 | 225.00| 257.14| 300.00| 360.00| 450.00
D, = L-Ebv;; 0=5% 200.00| 250.00| 333.33| 500.00| 999.93| 9476.19
D, = L-Ebv;; 0=7% 200.00| 233.33| 280.00| 350.00| 466.67| 700.00
D, = L-Ebv;; 0=9% 200.00| 225.00| 257.14| 300.00| 360.00| 450.00
D.= L-Ebv; 0=11% | 200.00| 220.00| 244.44| 275.00| 314.29| 366.67
D.= L-Ebv; 0=15% | 200.00| 214.29| 230.77| 250.00| 272.73| 300.00
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Tabl

eV

Valuetoday of the increases of debt in different periods and the sum of all of them
Do = 500; Rg = 4%; Ku =9%; T =40%; g = 3%

PVo(ADy) t=1]| t=2| t=3| t=4| t=5]| t=10| t=20| t=30| t=40| t=50 Sum
Miles-Ezzell -829| -784| -740| -7.00| -6.61| -498| -2.83| -1.61| -091| -0.52| -150.64
Modigliani-Miller 14.42114.28 | 14.15| 14.01 | 13.88 | 13.22 | 12.00 | 10.90 | 9.89 | 8.98 | 1,500.00
Fernandez (2004) 13.7613.00 | 12.29 | 11.61 | 1097 | 8.27| 469| 2.66| 1.51| 0.86| 250.00
D= L-Ebv; 0=5% |14.29|14.01|13.75|13.48|13.23|12.02| 9.91| 8.18| 6.75| 557 | 750.00
D= L-Ebv; 0=7% |14.02]|13.49|12.99|1250|12.04| 9.95| 6.80| 4.64| 3.17| 217| 375.00
D= L-Ebv; 0=9% |13.76]13.00|12.29|11.61|10.97| 8.27| 4.69| 2.66| 151| 0.86| 250.00
D; = L-Ebv; 0=11% |1351|12.54|11.64|10.80|10.02| 6.89| 3.26| 1.54| 0.73| 0.35]| 187.50
TableVI

Appropriate discount ratesfor the expected values of the equity cash flows (Ke&)
FCF, = 60; Do = 500; Re = 4%; Ku = 9%; T = 40%; g = 3%

Ket t=1 t=2 t=3 t=5 t=10 =20 t=30 t=50
Miles-Ezzell 75.77% 9% 9% 9% 9% 9% 9% 9%
Modigliani-Miller 8.76%| 8.75%| 874%| 872%| 8.71%| 8.64%| 8.45%| 8.17%
Fernandez (2004) 9.98% | 10.01%| 10.03%| 10.06%| 10.09%| 10.26% | 10.71%| 11.46%
Dy = L-Ebvi; 0=5% 901%| 9.01%| 9.02%| 9.02%| 9.03%| 9.05%| 9.13%| 9.26%
D: = L-Ebvg; 0=7% 950%| 952%| 955%| 957%| 9.60%| 9.74%| 10.13%| 10.78%
Dt = L-Ebvi; 0=9% 9.98% | 10.01%| 10.03%| 10.06%| 10.09% | 10.26% | 10.71%| 11.46%
Di = L-Ebvg; a=11% 10.44%| 10.46% | 10.48%| 1050%| 10.52%| 10.63% | 10.98% | 11.57%
TableVII

Appropriate discount ratesfor the expected value of the taxes of the levered company.
o=Ku=9%; FCF; = 60; Dy =500; Rr =4%; T =40%; g = 3%

Kraxtt t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8
Miles-Ezzell 9.79% 9.00% 9.00% 9.00% 9.00% 9.00% 9.00% 9.00%
Modigliani-Miller 9.79% 9.84% 9.89% 9.94% 9.99% | 10.05% | 10.11%| 10.18%
Fernandez (2004) 9.79% 9.81% 9.83% 9.86% 9.88% 9.90% 9.92% 9.95%
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TableVIII
Ku asafunction of g (growth) and a (required return to the increase of assets) if the
required return to the profit after tax of the unlevered company (Kpaty) isfixed
Kpatu= 9% ; FCFo = 60; Do =500; Re =5%; T =40%

9
0% 1% 2% 3% 4% 5%
7% 9.00% 9.47% | 10.05% | 10.92% | 12.73%| 24.38%
8% 9.00% 9.19% 9.40% 9.65% 9.95% | 10.44%
o 9% 9.00% 9.00% 9.00% 9.00% 9.00% 9.00%
10% 9.00% 8.86% 8.73% 8.61% 8.52% 8.45%
12% 9.00% 8.66% 8.38% 8.16% 8.03% 7.98%

15% 9.00% 8.47% 8.08% 7.83% 7.70% 7.71%
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Appendix 1

Derivation of formulasfor Miles-Ezzell: D;=L &

We are valuing a company with no leverage cost. The cost of debt is the risk-free
rate (Rr). The company is a growing perpetuity, which means that Eqg[Dy] = Do (1+g)". If D;
=L S:

S, + Dy =V =(1+L)S, =11L D, (ALD)
A solution for this valuation must be:

Dt + S[ = bFCFt (AlZ)

A1.1. Derivation of Zl:E[MtADt]

According to (A1.1) and (A1.2),
D;= [L/(1+L)] V¢ = [L/(1+L)] b FCF (A1.3)

Then, using (11):

L Do Lb FCFO(1+ g) Do
EqglMgq-ADq|=Eq|Mgq(Dq—Dg)|=Ep| Mg ——bFCF; |- = —
o[ 01 1] o[ 01(D1 o)] o[ 017 1} 1+R; 1+L  1+Ku 1+R;

As, according to (A1.3), b FCFy = [(1+L)/L] Do:

Do(1+9) Do

Eo[Mo, 4Dy = 1+Ku 1+R; (32)

Fort>1:

L
EO[M ot 'ADt]= EO[M 0t (D¢ — Dt—1)]= EO|:M Ot b(FCF; - FCFt—l):| =

_ L prer| @9t vt
1+L A+Ku' @+ KA+ RE)

Asb FCFo = [(1+L)/L] Dy:

AD.Jep. @+ (@+g 1 S
EO[MO’tADt]—D0(1+Ku)t—1((1+Ku) (1+Rp)j &

- (149 1 +9™ ((@+g 1 Al4
leE[MtADt]_DO(1+Ku 1+RF]+'"+D°(1+Ku)t—1((1+KU) (1+Rp)j+'" A0

(A1.4) is the sum of a geometric progression with growth rate = (1+g)/(1+Ku).
Then:

iE[MtADt]:DO 1+g ~ 1 |1+Ku_ Do 1+g_1+Ku __Do g_Ku—R,: »
1 1+Ku 1+Rp)Ku-g Ku-g 1+Rg ) Ku-g 1+Rg (34)
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Appendix 1 (continued)

Al1.2. Derivation of VTS

Substituting (34) in (3), we get:

_ D{RET (1+Ku) (35)

VTS, =
(Ku-9) 1+RE)

A.1.3. Relationship among the increases of debt and the free cash flows

As, according to equation (4), Vo = Vug +VTS,, using equations (A1.3), (14) and

DoRET (L+Ku)  FCR@+g) _ L | FCRRET 1+Ku)  FCR(1+g)
(Ku-g) 1+Rg)  (Ku-g) 1+L (Ku-g) (1+Rg) (Ku-09)

(35): Vio=bFCR =

Solving for b, we find:

b (1+9)
L 1+Ku

(Ku—g)—(1+ L)RFT1+RF (A1.5)

After equation (A1.4), it is obvious that:
AD; = [L/(1+L)] b AFCF (A1.6)

- (1+9) _ Do
APt = i g+ ) _R.pltKu AFCH = FCFo AFCH

5 AEvey (A1.7)

It is clear that under Miles-Ezzell we assume that the increases of debt are
proportional to the increases of the free cash flows.
A.1.4. Equivalent discount rate for the increases of debt in different periods (Kap)

The equivaent discount rate for the expected increase of debt in period 1 (Kapa)
implied by (32) is:

Do(1+ D Eo[AD D (A1.8)
EO[M o’l'ADl]z ](-J( g) — 0 — 0[ 1] — g 0
+Ku 1+Rg 1+Kuxpy 1+Kpp
Some algebra permits to express 1+ K ,p; = 3 KW 4+ Re) (AL9)’

g(1+RE)+Rg—-Ku

Equation (A1.9) is asymptotic in g = (Ku- Rp)/(1+ Rg). In this situation, we know
from equation (32) that E,[M,,-AD,]=0.

Eo['V'o,z'ADz]: D

A+g (@A+9 1 |_ gDg (1+9)
C@+Ku| @+Ku) @+Rp) ) (1+Kap)@+ K apo)

8Note that if g=0, then K,p;=—100%. This does not make any economic sense because in this situation the
Do Do
1+Ku 1+Rg’

expected value of theincrease of debt isalso 0 and Eg [M 0,1'AD1] =
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Appendix 1 (continued)

After equation (A1.8) it is obvious that Kp, = Ku. Repeating this exercise, we find
that Kapt = Ku. The appropriate discount rates for the expected increases of debt are
different for t = 1 and for the following periods.

A.1.5. Valuetoday of the expected taxes

The present values at t=0 of equations (38) and (39) are:

oo

Gug = (%j@ E[M -FCFR |+ Y E[M, -AAt]j = (%j(wo + % E[M,-AA, ]J (40)

- 1

GLo= (Lj S E[M, ECF ]+ S E[M A |- T EM,AD,] (42)
1-T 1 1 1

A.1.6. Thevalue of tax shieldsisthe difference between Gu and G,
We want to prove that VTS, = Gup — Go. Subtracting (41) from (40), we get:

VTSO = GUO - GLO = (%}(VUO - SO + i E[M t ADt]J (AllO)
- 1
As, accordingto (4), Vup- Ss=Do—- VTS

VTS, = (%}(DO —VTSp + % E[M,-AD, ]J (A1.11)

Equation (A1.11) isidentical to equation (3)

A.1.7. Appropriate discount rate for the expected taxes
The appropriate discount rate for the expected taxes of the unlevered company is.

Eo[Taxesy | { T } (1+9FCR | dAg
(1+Kyaxuy) L[1-T (1+ Ku) 1+ o)

As E[Taxesys]=[T/(1-T)] [FCFo(1+9) + gAo], we can calculate Kraxui.

Eo[Taxesys] _ (1+g)FCRy +gAq
PVo[Taxesy;] (1+g)FCRy(1+ar) + gAg(1+ Ku)

PVo[Taxesy, |=

1+ Kul+o) (AL1.12)

1+ Ktaxuy) =
If o= Ku, then Kraxut= Ku

The appropriate discount rate for the expected taxes of the levered company is:

EO[Tastl]_[ T M(lJrg)FCFOJr 0Ao _DORF(l—T)]

PVo[Taxes ;|= A+ Kaxry) L1-T (I1+Ku) (1+o) (1+Rg)
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Appendix 1 (continued)

AsE[Taxes 1] =[ T/(1-T)] [FCFo(1+g) + gAo — Do R (1-T)]

1+K __(1+Qg)FCRy +gAg —DoRg(-T)
TAXL1 = (11 g)FCR, . 90 DoRe(-T) (A1.13)
(1+Ku)  (Q+o)  (1+Rg)

For t > 1, (for example, for t=2), the present valueis.
EolTaxes )1+ 9)
(1+KraxL1) @+ Kraxe2)

PVo[Taxes| ,]=

It is obvious that Ktaxi o= Ku if o=Ku

From equation (11) we can calcul ate the present value of the levered taxes:

GLo =Gl —VTSp = ——| Vug +-320_|_ DoReT (1+Ku) (A1.14)
1-T (a-9)] (Ku-g) (1+RE)

Although Kraxut and Kraxit are not constant, we can calculate Kraxy and Kraxi
such that Guo = Tax&uo (1+g) / (KTAXU - g) and G|_o = TaxesLo (1+g) / (KTAXL - g) Some
algebra permitsto find:

Vug(o—g)Ku+gaAg

Kraxu = Vug(a—g)+ 9Ag (A1.15)
Kaxl =g+ So(Ke—9) +9(Ag — Do)
Vug + Ao VTS(1-T) (A1.16)
(a—0g) T

A.1.8. Required return for the expected equity cash flow in period 1 (Key)

Thevalue in period t of the equity valuein period t+1 is:

FCF (1 Si(1
E([M tt+1 St |=EiM tt+1 P FCRq /(1 + L)]= 1:)'_ (1L(K:)g) = (ii ;3)) (AL17)

The value of the equity value today is:

So = Eg[M 0,1'ECF1]+ Eo[M 0,1'51]= Eo[M 0,1'ECF1]+ %;ug) (AL1.18)

The equivalent discount rate for the expected equity cash flow in period 1 (Kel) is:

Eo[ECF] ECRy(1+9) Sp(Ku—g)
Eo[M 0,1'ECF1]= e =0
1+Keg 1+ Ke 1+Ku

ECFy(1+ g)(1+ Ku) (A1.19)

1+ Ke =
' So(Ku—g)
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Appendix 1 (continued)

A.1.9. Required return for the expected equity cash flow in period t>1 (K &)

The value today of the equity cash flow received in period 2 is:

EolECR, | ECRy(1+g)? Eo[M o,l-ECFl](1+ 9)
Eo[M g ECF, )= = =
' (1+Ke)(1+Key)  (1+Ke)(1+Key) (1+Key)
It is obvious that
Eq|Mgq-E 1
1+ Kez= 0[ 01 CF_L]( +g) (A:LZO)
Eo[Mo2-ECR,|
The value of the equity value today is.
2
So = Eq[M01-ECFy |+ Eg[M g2 ECF, [+ Eg[M g2 S5 = So(ku-9) Eo[M g2 ECF, |+ Soll+9)”
’ ’ , ’ (1+Ku) , ’ 1+ Ku)?
_ _oq_(Ku-g) (1+9)°, o (A+9 (1+9)
EolM o2 ECF, =001 @L+KU) (14 Ku)? S0l ku) (1+ Ku)?
(Ku-g)
So-———-(1+0)
1+ Ku) (Ku—g)
1+Ke, = = =1+K
Sl k) L+ Ku)? (1+Ku)

Following the same procedure, it may be shown that for t >1, Ke = Ku.

A.1.10. Averagerequired return for the expected equity cash flows (Ke)

We want to find an average required return for the expected equity cash flows (Ke)
such that:
ECFy(1+ Q)

Sy = 3 E[M, ECF, ] =
0 % [M-ECF] Ke_g

(A1.22)

The relationship between expected values at t=1 of the free cash flow, the equity
cash flow and the debt cash flow (CFd) is:

So(Ke-g) = ECFy(1+g) =Vuo(Ku-g)—Do(Rr—g) + Do Re T
ASEp=VUuy—Dot+ VTS, then SiKe =Vug Ku—Dg Rr +VTS, g+DoReT

And the general equation for Keis:

Do VTSy(Ku-g)
Ke=Ku+—2[Ku-Rpg(1-T)|-—2— & A1.23
e=Ku+—2[Ku-Rg(1-T)] ( )
Substituting (35) in (A1.23):
—Ku+ 209 (ku—Rp) 1- RET
Ke=Ku+—2(Ku RF){l 1+RJ (Al.24)

But this expression isthe average Ke. It is not the required return to equity (Ke) for
all periods.
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Appendix 1 (continued)

A.1.11. Formulaswith continuous adjustment of debt

If debt is adjusted continuously, not only at the end of the period, then the formula
(35) changesto

VTSy = [ TpDel"'dt = DopT (A1.25)
K=Y
where p = In(1+Rg), ¥ = In(1+g), and x = In(1+Ku).

Perhaps formula (A1.25) induces Cooper and Nyborg (2006) and Ruback (1995
and 2002) to use (A1.26) as the expression for the value of tax shields when the company
maintains a constant market-value leverageratio (D; = L S):

VTS, = DoRgT (A1.26)
Ku-g
But (A1.26) isincorrect for discrete time: (35) is the correct formula.

If D; = L-S, the appropriate discount rate for the expected value of the unlevered
equity (Vu), for the expected value of the debt (Dy), for the expected value of the tax shields
(VTS), and for the expected value of the equity (S) isKuin all periods.

D; = L'E; is absolutely equivaent to D; = M-Vu. In both cases AD; = X-AFCF,
where X :Do/ FCFo.
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Appendix 2

Derivation of formulasif debt is proportional to the book value of equity

D: = K-Ebv;, where Ebv is the book value of equity. Then AD; = K-AEbv; and the
relationship between AD; and AA; (increase of assets) is’ AD; = AA./ (1+1/K).

A2.1.Y E[MAD,]
1

In section 2.1 we derive equation (22):

Eo[MoAD, |= 4D, (1+g (22)
(1+0)"

A22.VTS

In section 2.1 we derive equation (24):

VTS, = 20T

24
Co) &

A.2.3. Relationship among theincreases of debt and the free cash flows
According to equation (18), the increases of debt are proportional to the increases

of assets:

A.2.4. Equivalent discount rate for the increases of debt in different periods (Kap)

According to equation (22), the equivalent discount rate for the increases of debt is
o for all periods.

A.2.5. Valuetoday of the expected taxes

Equations (40) and (41), in this case, are:

o= T | Eeron« Seacan )| T [ vuo + 22 (“0)
GLO_(lj j(ZE[M ECFt]+ZE[M AA - ZE[M AD ]j (%}(SOJFQ(A:—__QWJ (41)

A.2.6. Thevalue of tax shieldsisthe difference between Gu and G,

Subtracting (41) from (40), we get the same result asin (24):

VTSO:GuO—GLO—(lTT)(V 0 so+gD‘;j (1TTJ(DO VTSO+3D%J

® The increase of the book value of equity is equal to the profit after tax (PAT) minus the equity cash flow.
According to equation (15): AEbv; = PAT - ECF, = AA;- AD{=AD;/K.

In this situation, the increase of debt is proportional to the increases of net assets, and the risk of the increases
of debt is equal to therisk of theincreases of assets: AD; = AA,/ (1+1/K)
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Appendix 2 (continued)

A.2.7. Appropriate discount rate for the expected taxes

(A1.12), (A1.13) and (A1.14) dso apply to this situation. Kraxy is defined by
equation (A115) If o= Ku, KTAXU =Ku, and KraxL:

Do(1-T)(Ku-Rg)(Ku-g)+g(Ag - Do) (A2.1)

K =Ku+
TAXL Vug(Ku—g)+gAg — DoKu(l—T)

A.2.8. Required return for the expected equity cash flow in period 1 (Key)

Calculating the expected value in t=0 for a growing perpetuity and substituting the
value of K,p= o

_(1+QECRy _ (1+9FCRy _DoRe(-T) . gDg

Eo [M o,1'ECF1]

(1+Keyp) 1+ Ku) (1+Rp) 1+ o)
So(Ke—-g) _ Vug(Ku-g) DoRp(@-T) = gbo
(1+Key) (1+ Ku) (1+Rp) 1+ o)
(1+ Kel) — SO(Ke_g)
up (KU=9) DO{ g _ Rp(l—T)} (A2.2)
1+ Ku) (1+0) @+Rp)

(Ke-0)1+Rg)(1+Ku)

If o= Ku:(1+Key) = (Ku-9)(1+Rg) +(Ke—-Ku) A2'3)
A.2.9. Required return for the expected equity cash flow in period t>1 (K &)
(A1.20) isaso validin this situation
1+ Ke, - FolMor ECALL+g (AL.20)
Eo[MgECR,]
A.2.10. Averagerequired return for the expected equity cash flows (Ke)
Substituting (23) in (A1.23):
B Do B __ 0T(Ku-g)
Ke=Ku+ 5, {(Ku RE(1-T) T } (A2.4)

If o = Ku: Ke= Ku+%(1—T)(Ku— Rg)
0
This expression is the average Ke: It is not the required return to equity (Ke) for al
periods.
A.2.11. The appropriate discount rate for the expected value of the tax shields
The tax shield of the next period is known with certainty (Do Re T) and the

appropriate discount rate is Rg. The appropriate discount rate for the expected tax shield of t
=2 (KTS2) is:
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Appendix 2 (continued)

Do(l+9ReT  _ Re Do 9Dy
(1+Rpe)(1+Kts2) 1+Rp)?2 (@+Rp)(1+a)

Eo[Mo2DiRET]=

_ Rp(1+a)+go(l+Rg)
Krsz = (1+0) +g(1+Rg) (A2.5)
The present value of the tax shield of period tis:
t-1 t-2
EO[MO,t'Dt—lRFT]Z Do(1+9)" "RgT _ DORFTtJr gDOElFT +___+9D0(1+9) Rt'i-lr
1+ Rp)A+Krs2)--(1+Krg)  (1+Rp)' (1+Rp)T A+ o) (1+Rp)(1+ o)

This expression is the sum of a geometric progression with a factor X = (1+g)(1+
Rp)/(1+ o). The solution is:

RETDg 1 g[xt_l—l] A6
PV, [TS,]= .
olTst] (1+Rp)L (+Rp) A+ o)X 1] (A26)
PVo[TSel L+ o)(X - +g(l+Re)(X' % -1

1+9)=X(1+0o)

1+ Krg) =

PVo[TS] L+ 0)(X —1) + g+ Rg)(X L 1)

When t tendsto infinity, Krs= MIN[ o, (1+ Rg)(1+9)-1]

A.2.12. The appropriate discount rate for the expected value of tax shields (VTYS)

|- DoTRE | VTS(1+0)
1+Rp)  @+Kyrs)
a(1+Rg)(1+9)
(e +9RF)

VTS = Eo[M 01DoR FT]+ Eo[M 01 VTS

1+ Kyrs) =

A.2.13. The appropriate discount rate for the expected value of equity (S)
|- ECR(+9) | Soll+0)
(1+Key) (1+Kg)

(14 Kg) = So(A+9)
S S, — ECRy(1+g) /(1 + Key)

So=Eo[M 0,1'ECF1]+ Eo[M 011

A.2.14. The appropriate discount rate for the expected value of debt (D)

o1 @+9)Dg _ Dg 9Dg
EolMo1 1] (1+Kpy) (+Rp)  (1+0)
(1+K o) = 1+ 9)(1+RE)(1+ o)

1+o+9(1+Rg)
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Appendix 3

Derivation of formulasif D; isknown with certainty at t=0.

This is Modigliani-Miller's assumption. This situation can be analyzed as one
special case of Appendix 2: that of a company with o = R.

The appropriate discount for the expected value of the eguity cash flow

Substituting (30) in (A1.23), or substituting o by R in (A2.4):

—Ku+ 29 (Ku—Re(1-T)— R T KU-9 A3.1
Ke Ku+SO (Ku-Rg(1-T) RFT(RF_QJ (A3.1)

But this expression isthe average Ke. It is not the required return to equity (Ke) for
all the periods. Substituting o by Rgin (A2.2):

Sp(Ke—-g)(1+ Ku)(1+ RE) (A3 2)
Vug(Ku—-g)(1+ Rg) + Do(1+ Ku)[g—- Rg(1-T)] '

(1+Kep) =

(Ke-0g)1+ Ku)(1+RE)
(Ku-0)(1+Rg) + (Ke—Ku)(1+9)

It may be expressed also as: (1+Key) = (A3.3

e _ g
For t=2, it is obvious that: PVo[ECF,|= PV,[ECF ] L+ Key)

The appropriate discount rate for the expected taxes

(A1.12) and (A1.13) also apply to this situation.

EolTaxex 1)1+ 0)
A+ KraxL1)@+ Kraxi2)

For t = 2, the present valueis; PVg[Taxex  ,]=

The appropriate discount rate for the expected value of tax shields (VTS)
]= DORFT + VTSO (1+ g)
(1+Rg) (@+Kyre)

VTS = Eg[Mo1-DoRET |+ Eg[Mo1 VTS,
It is obvious that KVTSl = RF = KVTSt

The appropriate discount rate for the expected value of eguity (S)

Calculating the present value of equation (1) at t =1:
Eo[M 0,1'VT51] = Eo[M 0,1'51]Jr Eo[M 0,1'D1]— Eo[M 0,1'VU1]

i+9 _o A+9 ., @A+9 _,, _(A+Q)
1+ Rp) 1+Kg) C@+Rp) 2 (1+Ku)

VTS,

So _ VTSo—DO + VUO _ (VTSo—Do)(1+ KU)+VUO(1+ RF) _ So+(VTSO—D0)KU+VUOR|:
(1+Kg) (1+Rp) 1+ Ku) 1+ Rg)(1+Ku) 1+Rp)1+Ku)

So(1+ Rg)(1+ Ku)

A+ Ka)= (Eg — VUp)(L+ KU) + VUg (L+ Rp)
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Appendix 3 (continued)

For t=2
EolMg2:S2]= EgIM g2 (VTS; —Dy)]+ Eg[Mg2Vu,]

So _So-Vup . Vug :(SO—Vuo)(1+Ku)2+Vu0(1+R,:)2

1+Kg)1+Kg)  (1+Rp)?  (1+Ku)? 1+ Rg)? 1+ Ku)?

So(1+Rp)?(1+Ku)?

1+Kg)1+Kg) =
(i Ka)l+Ke) (Sp = Vug)(1+Ku)? + Vug(1+ Rg)?

(Sp —Vug)(1+Ku)™ +Vug 1+ Rp)

(I1+Kg) =1+ Rg)1+Ku)
(Sp — VUug)@+Ku)' +Vug(1+Rg)*

The appropriate discount rate for the expected value of debt (D)

Eo[M _Sl]=(1+9)Do= Do, GDo _(1+9)Dg
° (1+Kpy) @+Rp) (L+Rp)  (L+Re)

Then, Kot = Rg
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