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VALUING COMPANIESWITH A FIXED
BOOK-VALUE LEVERAGE RATIO

Abstract

We develop valuation formulae for a company that maintains a fixed book-value
leverage ratio and claim that it is more realistic than to assume, as Miles-Ezzell (1980) do, a
fixed market-value leverage ratio. The value of tax shields depends only on the present
value of the net increases of debt. The value of tax shields in aworld with no leverage cost
is the tax rate times the current debt plus the present value of the net increases of debt. We
also show that the appropriate discount rates for the equity cash flows and for the expected
value of the equity are different.

JEL classification: G12; G31; G32

Keywords: Company valuation, value of tax shields, present value of the net increases of
debt, required return to equity



VALUING COMPANIESWITH A FIXED
BOOK-VALUE LEVERAGE RATIO

I ntroduction

The value of tax shields defines the increase in the company’ s value as a result of
the tax saving obtained by the payment of interest. However, there is no consensus in the
existing literature regarding the correct way to compute the value of tax shields. Most
authors cal culate the value of the tax shield in terms of the appropriate present value of the
tax savings due to interest payments on debt Modigliani-Miller (1963) propose that the tax
savings be discounted at the risk-free rate', whereas Harris and Pringle (1985) and Ruback
(1995, 2002) propose that they be discounted at the cost of capital for the unlevered firm.
Miles and Ezzell (1985) suggest that the tax savings be discounted in the first year at the
cost of debt and in following years at the cost of capital for the unlevered firm. Reflecting
this lack of consensus, Copeland et al. (2000, p. 482) claim that “the finance literature does
not provide a clear answer about which discount rate for the tax benefit of interest is
theoretically correct.”

We show that the value of tax shields depends only upon the nature of the
stochastic process of the net increase of debt. More specificaly, we prove that the value of
tax shieldsin aworld with no leverage cost is the tax rate times the current debt, plus the tax
rate times the value of the future net increases of debt.

We provide an aternative to Modigliani-Miller (1963) and to Miles-Ezzell (1980):
we develop valuation formulae for companies that maintain a fixed book-value leverage
ratio. The Modigliani-Miller (1963) formula should be used when the company has a preset
amount of debt; Miles-Ezzell (1980) should be used only if debt will always be a multiple of
the equity market value (D; = L-S)).

While two theories assume a constant discount rate for the increases of debt (the
risk-free rate in Modigliani-Miller, and the appropriate discount rate for the increases of
assets if the company maintains a constant book-value leverage ratio), Miles-Ezzell assume
onerate for t = 1 and Ku for t>1. The appropriate discount rate for the increase of debt int =
1 is negative, according to Miles-Ezzell, if the expected growth (g) is smaller than (Ku-
Re)/(1+ Rg).

! Myers (1974) suggests that it be discounted at the cost of debt (Kd).



Although Miles and Ezzell provide a computationally elegant solution (as shown in
Arzac-Glosten, 2005), it is not a realistic one. Furthermore, we have not seen any company
that follows such a financing policy. It makes much more sense to characterize the debt
policy of a company with expected constant leverage ratio as a fixed book-value leverage
ratio than as afixed market-value leverage ratio because:

1. The amount of debt does not depend on stock market movements,
2. Itiseasier to follow for unlisted companies, and
3. Managers should prefer it because the value of tax shieldsis higher.

On top of that, the Miles-Ezzell framework gives results that make questionable
€conomic sense:

1. In many scenarios, the present value of the debt increases is negative.

2. The appropriate discount rate for the expected increase of debt in the next period is
very low: -177.6% in the example in this paper.

3. The appropriate discount rate for the expected equity cash flow in the next period is
very high: 119% in the example in this paper.

4. In many scenarios, the appropriate discount rate for the expected taxes of the levered
firm is no higher than the appropriate discount rate for the expected taxes of the
unlevered firm .

The Miles-Ezzell setup is equivalent to assuming that the increase of debt is
proportional to the increase of the free cash flow in every period, whereas we argue that the
increase of debt is proportional to the free cash flow.

We also show that the appropriate discount rate for the expected equity cash flows
is different than the appropriate discount rate for the expected value of the equity. The
appropriate discount rate for the expected equity cash flows is not constant in every period.
Although the equity value of a growing perpetuity can be computed by discounting the
expected value of the equity cash flow with a unique average rate (Ke), the appropriate
discount rates for the expected values of the equity cash flows are not constant.

Modigliani-Miller and Miles-Ezzell do not make any assumption about the
appropriate discount rate for the increases of the book value of assets, but this assumption is
needed to calculate the value of the taxes paid by the levered and the unlevered company.

Although Cooper and Nyborg (2006) disagree, this paper shows that formula (28)
(VTS=D-T-Ku/[Ku-g]) of Ferndndez (2004) isvalid, but only under the assumption that the
increases of debt are as risky as the free cash flows.

The paper is organized as follows. In section 1 we derive the genera formula for
the value of tax shields. In section 2 we apply this formulato specific situations, including a
company that maintains a constant book-value leverage ratio. Section 3 is a numerical
example. Section 4 proves that the appropriate discount rate for the expected equity cash
flows is different than the appropriate discount rate for the expected value of the equity. In
sections 5, 6, 7 and 8 we calculate the appropriate discount rates for, respectively, the tax
shields, the increases of debt, the value of debt and the value of tax shields. In section 9 we
calculate the present value of taxes for the levered and the unlevered firm. Section 10



presents the appropriate discount rates for capital gains. Section 11 discusses the influence
of growth on the risk of the cash flows. Section 12 concludes. Table 1 is a map to locate the
different formulae in the paper. In the Appendix we derive additional formulae for the three
theories discussed in this paper applied to growing perpetuities.

1. General expression of the value of tax shields

The value of the debt today (Do) is the value today of the future stream of interest
minus the value today of the future stream of the increases of debt (ADy):

Do =3 EM, Interest; |- 3" E[M, -AD, ] (1)
1 1

As the value of tax shields is the value of the interest times the tax rate,

VTS, =T§ E[MInterest; |=T-Dg +Ti E[M-AD, ] @
1 1

Equation (2), valid for perpetuities and for companies with any pattern of growth,
shows that the value of tax shields depends only upon the nature of the stochastic process of
the net increase of debt. The problem of equation (2) is how to calculate the value today of
the increases of debt, which depends on the financing strategy.

2. Value of tax shields and value of the increases of debt in specific Situations

We apply the result in (2) to specific situations and show how this formulais
consistent with previous formulae under restrictive scenarios.

The value today of the levered company (Vo) is equa to the value of debt (Doz
plus that of the equity (Sp). It is also equal to the value of the unlevered company (Vup)
plus the value of tax shields due to interest payments (VTS):

Vio=S+Dog=Vu + VTS (3)

2.1. Debt is proportional to the Equity book value

If D; = K-Ebv;, where Ebv is the book value of equity, then AD; = K-AEbv;. The
increase of the book value of equity is equal to the profit after tax (PAT) minus the equity
cash flow (ECF). The relationship between the profit after tax of the levered company
(PAT.) and the equity cash flow (ECF) is:

2 According to our notation, Vu, = ZE[Mt'FCE] and, S, = ZE[MI 'ECE] where FCF, is the free cash
1 1

flow of period t, and ECF, is the equity cash flow of period t.



ECF; = PAT ;- AA; + ADy; (4)

where AA; = Increase of net assets in period t (Increase of Working Capital Requirements
plus Increase of Net Fixed Assets), and AD; = D; — Dt.; = Increase of Debt in period t.

Similarly, the relationship between the profit after tax of the unlevered company
(PATu) and the free cash flow (FCF) is:

FCFt = PATUt - AAt (5)
According to equation (4), as AEbv; = AD/K,
AEth = PAT- ECF =AA:- AD:= ADt/ K (6)

In this situation, the increase of debt is proportiona to the increases of net assets,
and the risk of the increases of debt is equal to the risk of the increases of assets:

AD; = AA(K/ (1+ K) (7

The value today of the increases of debt is:

Eo[Mo.AD, |= (%)Eo MoeaA,] (8)

We will assume that the increase of net assets follows the stochastic process
defined by AAw1 = AA: (1+9)(1+0dw+1). w1 IS @ random variable with expected value equal to
zero, but with a value today smaller than zero:

f

E[M a1 00]= TIrR. (9)

Then, in the case of a growing perpetuity:

B K Ya+g)'@-f)"
EO[MO,t'ADt]—AAO(1+Kj (14 Rp)" (10)

If we say (1+a) = (1+Re) / (1-f), then

AD,|=aD, &19"
Eo[Mo.aD]= 4D, L+ a)’ (11)



o is the appropriate discount rate for the expected increases of the book value of assets® and,

in this case, the appropriate discount rate for the expected increases of debt. > E[M;AD] s
the sum of a geometric progression with growth rate = (1+g)/(1+o.). Thereforé:

S ADo(1+9) _ 9D (12)
%E[MtAD] g g

Substituting (12) in (2), we get:

D00(T

VTSg = (-9

(13)

Aswe show in section 5, equation (13) is not the present value of DoorT discounted
at o, but the sum of the present values of the expected tax shields (D1 T Rg) discounted at
different ratesin each period.

2.2. Debt is proportional to the Equity book value and the increase of assets is
proportional to the free cash flow

If the increase of assets (AA,) is proportional to the free cash flow (FCF), = Ku
and equation (12) is:

< _ 9Do
AR (14)

Substituting (14) in (2), we get:

VTS, = 2oKuT (15)
(Ku-g9)

As we assume that the increases of debt and assets are as risky as the free cash
flows (o0 = Ku), the correct discount rate for the expected increases of debt is Ku, the
requwed return to the unlevered company. (15) is equal to equation (28) in Fernandez
(2004).* Cooper and Nyborg (2006) affirm that equation (15) violates value-additivity. It
does not because equation (3) holds.

2.3. The company has a preset amount of debt

In this situation, AD; is known with certainty today and Modigliani-Miller (1963)
applies: the appropriate discount rate for the AD; is R, the risk-free rate.

Eg[Mo-AD, |= AD % (16)
F

% A isthe book value of assets, not the value of the assets, which is the value of the unlevered equity (Vu).

* Fernandez (2004) wrongly considered as being zero the present value of a variable with expected value equal
to zero. And he neglected to include in equations (5) to (14) terms with expected value equal to zero. Due to
these errors, Equations (5) to (17), Tables 3 and 4, and Figure 1 of Fernandez (2004) are correct only if
PVO[AAL] = PVO[ADt] =



Equation (16) is the sum of a geometric progression with growth rate (1+g)/(1+Rg).
Then:

5 E[Map, ] = 220 (17)
Substituting (17) in (2), we get:

_DoRe T (18)

VIS =R g

Modigliani-Miller may be viewed as just one extreme case of section 2.1, in which
o = Re. Fieten et al. (2005) argue that the Modigliani-Miller formula may be applied to al
situations. However, it is valid only when the company has a preset amount of debt.

2.4. Debt is proportional to the Equity market value

This is the assumption made by Miles and Ezzell (1980) and Arzac and Glosten
(2005). If Dt = LS, the value today of the increase of debt in period 1, if the debt grows at a
constant rate g, is:

]_ D0(1+g)_ DO
1=

Eq[Mg1-AD
oMo 1+Ku 1+Rg (19)

We prove in the Appendix (equation A.14) that:

bt _ DO _KU—RF
ZEMAD,]= Ku_g(g TR, ] (20)

Substituting (20) in (2), we get the well known Miles-Ezzell formula:

_ DoRg T (1+Ku)

VTS0 = Ku—g) 1+ Rp) (21)

We claim that it makes more sense to characterize the debt policy of a growing
company with expected constant leverage ratio as a fixed book-value leverage ratio instead
of as afixed market-value leverage ratio because:

1. the debt does not depend on the movements of the stock market,

2.itiseasier to follow for unlisted companies, and

3. managers should prefer it because the value of tax shields is higher: (21) is
smaller than (15) and smaller than (13).



The Miles-Ezzell setup works as if the company pays all the debt (D..1) at the end
of every period t and simultaneously raises all new debt D;. The risk of raising the new debt
Is equal to the risk of the free cash flow and, hence, the appropriate discount rate for the
expected value of the new debt (the whole debt, not just the increase of debt) is Ku. The
increases of debt are proportional to the increases of the free cash flows.

To assume D; = L-S; is not a good description of the debt policy of any company
because if a company has only two possible states of nature in the following period, it is
clear that under the worst state (low share price) the leveraged company will have to raise
new equity and repay debt, and this is not the moment companies prefer to raise equity.
Under the good state, the company will have to take alot of debt and pay big dividends.

The Miles-Ezzell setup is equivalent to assuming that the increase of debt is
proportional to the increase of the free cash flow in every period, whereas in section 2.2 the
increase of debt is proportional to the free cash flow.

Table 1 isamap of the formulae in this paper. Table 2 summarizes the implications
of several approaches for the value of tax shields and for the value of the future increases of
debt.

3. A numerical example

Table 3 contains the main valuation results for a constant growing company. It is
interesting to note that according to Miles-Ezzell, the present value of the increases of debt
IS negative.

Table 4 contains the value of the tax shields (VTS) according to the different
theories as a function of g and a. The VTS grows dramatically when g increases and
decreases with o. It may be seen that Modigliani-Miller is equivalent to a constant book-
value leverage ratio (D; = L-Ebv;), when o= Rg = 4%. The VTS according to M-M isinfinite
when g > Rg.

4. Appropriate discount rates for the expected equity cash flows and for
the expected value of the equity

The value of equity today (So) is equal to the present value of the equity cash flow
in period 1 (ECF;) plus the present value of the equity in period 1 (S,). For perpetuities with
a constant growth rate (g):

ECRy(1+9) _ So(1+9) (22)

So = 1+Ke)  (1+Kg)

Ke, is the appropriate discount rate for the expected equity cash flow in period 1
and Kg; is the appropriate discount rate for the expected value of the equity in period 1. We
will see that both rates are different under all assumptions. The present value of the equity
vaueatt=1is

Sod+9) _ So- ECRy(1+9) (23)
(1+Kg) 1+ Key)




The general expression for the present value at t=0 of the equity valueatt =tis:

So(d+9)" _« ECR@+g)  ECR(+g)
A+Kg)..l+Kg) (1+Ke))  (1+Ke)..(A+Ke)

To calculate the present value of the equity, we need to calculate the present value
of the equity cash flows. The relationship between expected values at t=1 of the free cash
flow (FCF), the equity cash flow and the debt cash flow is:

CFO(1+g) = FCFO(1+g) — Do Re (1—T) +0 Do (24)

Keisthe average appropriate discount rate for the expected equity cash flows, such
that So= ECFo(1+g)/(Ke-g). Ku is the appropriate discount rate for the expected free cash
flows, such that Vus= FCFy(1+g) / (Ku-g) . Equation (24) is equivalent to:

So(Ke-g) =Vuo(Ku-g)—Do(Re—g) + Do Re T (29)

As, according to equation (3), So=Vup—Dot+ VTS, we may rewrite (25) as:

SoKe =Vuyg Ku—-Dg R +VTS g+DoReT (26)

And the genera equation for Keis:

_ Do, 1 VTS _ 27
Ke—Ku+SO[Ku Re(1-T)] g > (Ku-9) (27)

0

This expression is the average Ke: it is not the required return to the equity cash
flows (Ke) for all periods.

4.1. Debt is proportional to the Equity market value

According to Miles and Ezzell (1980) and Arzac and Glosten (2005), substituting
(21) in (27), we get:

Ke= KU+E(KU—RF)M (28)
(1+RF)

If Dy = L-S, the appropriate discount rate for S (Ks) is aso equal to the required
return to the debt (Kp). We prove in the Appendix (equation A.10) that the appropriate
discount rate for Vu; is Ku. As according to (21) the VTS is proportiona to D, following
equation (3), Dy, S, Vu; and VTS, have the same risk, and the appropriate discount rate for all
of them is Ku. Therefore, the value of the equity valuetoday is, according to equation (22):

_ECR(1+9) , So(+9) (29)
1+ Keg 1+Ku

So



The appropriate discount rate for the expected equity cash flow in period 1 (Key) is:

ECRy(1+9)(1+ Ku) — (1+ Ku) (Ke—-g) (30)

1+ Ke, =
T TS (Ku-g) (Ku—g)

The value of the equity today is also:

_ECR@+g)  ECR(+g)?®  Sol+g)® (31)

%0 (1+Ke)  (1+Ke)(d+Kez) (14 Ku)?

Substituting (30) in (31), it is clear that Ke, = Ku. Following the same procedure, it
may be shown that for t >1, Kg = Ku. In the example in Table 3, Ke =16.07%,
Ke;=119.03% and Ks;= Ku = 9%.

4.2. Debt is proportional to the Equity book value
Substituting (13) in (27), we get:

Ke= Ku+ﬂ{Ku—RF(1—T)—M} (32)
So o—-g

Calculating the expected value of equation (24) at t=0:

(1+9)ECRy _ (1+9)FCRy 3 DoRe(1-T) N gDg

(33)
(1+Key) (1+Ku) (1+Rg) 1+ o)

As (1+9)ECF=S, (Ke-g) and (1+g)FCFo=Vuo (Ku-g), the appropriate discount rate
for the expected equity cash flow in period 1is:

(1+ Kel) — SO(Ke_ g)
vu, Ku=9) | Do{ g _ Rp(l—n} (34)
1+ Ku) (1+0) @+RE)

And substituting (34) in (23):

SO(l+g)=So—Vu0(Ku_g)—Do[ g _Rp(l—T)} (35)
(I+Kg) (1+ Ku) (I+a) (@A+Rp)

In the Appendix we find the present value of the equity value in t (A.27) and the
discount rate for the expected equity cash flow int (A.30):
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1+ Kep)...(1+Kep) = So(Ke=g)
Vup(Ku-g)  DoRe(1-T) |Re-a+gd+Re)X™ | dDg (36)
aA+Ku'  1+9)t@+Rp)'| 9@+RE)+Rp-o (1+a)t
pvfs, = VU0t ®) | Dogltg)'  @-TDg |, Re(X'-D| (37)
@+Kuw!  (a-g)l+o)! (1+Rg)(a-g) [x -1]

X = (1+g)(1+ Re)/(1+1)

In the example in Table 3, if a=7%, Ke =11.63%, Ke&;=9.98% and K;=11.80%. In
the example PVo[S$]<0 for t>25 and PV[ECF]<0 for t>46. PVo[S]<0 only means that
P\/o[Dt] > P\/o[VUt]+ P\/o[VTS[] P\/o[ECFt]<O only means that P\/O[Dt-l RF(].-T)] >
PV o[FCF]+ PV[ADY].

4.3. Debt is proportional to the Equity book value and the increase of assets is
proportional to the free cash flow

In this situation, as the increases of assets are proportional to the free cash flows
(AAw1=Z-FCF), = Ku, and equation (32) is:

Ke= Ku+%(Ku—RF)(1—T) (38)
0

If oo =Ku, asVup =S+ Do— VTS, equations (34) and (35) are:

(1+Key) = (Ke-g)1+ Rp)(A+Ku) (39)
(Ku-0)(1+ Rg) +(Ke—Ku)

Sol+9)  Sp(l+g) Do-T)(Ku-Rg) _Soll+Rp)A+g)—KetKu]  (40)
(1+Kg) 1+Ku (1+Ku)1+Rg) (1+Ku)1+RE)

And equations (36) and (37) are:

(1+Key)...(1+Key) = So(Ke-9)
So(Ku-g) , Do(@-T)(Ku-Rg) | Ku-g  Rg(l+g) (41)
A+Ku)'  (Ku-Rp)-9@+Re)| @+ Ku)' @1+9)'@+Rp)"

PV, [S =s,o(1+g)t+ Do(1-T)(Ku-Rg) {(1+g)t ! }

1+Ku)'  (Ku-Rg)-gl+Re)| @+Ku)'  @+Rp)" (42)
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When t tends to infinity, Ke = Kg = (1+g)(1+Rg)-1 if (1+g)(1+Rg)< (1+Ku) and
Ka = Kg = Kuif (1+g)(1+Rg) > (1+Ku).

In the example in Table 3, if o=Ku=9%, Ke =12.09%, Ke;=10.30% and
Ks1=12.27%. In the example, PV o[ $]<0 for t>24 and PV o[ ECF]<O0 for t>44.

4.4. The company has a preset amount of debt

Modigliani-Miller may be viewed as just one extreme case of section 4.2, in which
o = Rg. Substituting (18) in (27) (or substituting o by Rgin (32)), we get:

Do Ku-Rg
Ke=Ku+—| Ku— R —RgT
e U+SO|: u E E RF—g:| (43)

But this expression isthe average Ke. It is not the required return to equity (Ke) for
all the periods. Substituting by Rein (34) and (35):

(1+Key) = (Ke-0g)1+ Ku)(1+ REg)

B (Ku-0)(1+ Rg) + (Ke-Ku)(1+9g) (44)

S0 _g vy, (KU-9) Re(-T)-g _So(1+g)fi+Re —Ke+Ku]
(I+Kg) (1+Ku) (1+Rp) (1+RE)A1+Ku)

(45)

In this situation, the appropriate discount rate for the expected value of tax shields
(VTS) and for the expected debt is the risk-free rate.

Substituting o by R in (36) and (37), and taking into account that Vup = Sp + Do —
VTS, we get:

_ Sp(Ke-09)
(1+Kel)”'(1+Ket)_VuO(Ku—g)_D R g (46)
(1+Ku)t 0 (1+Rp)"
<l 1+g t_ Re(1-T)-g( 1+g ‘
EO[MO’tS‘]_VUO(1+Kuj RCN— [1+RFJ (47)
In the appendix (A.33) we show that
t So(1+RE) @+ Ku)t
1+Kg) =
1;[(+ s) (SO—VuO)(l+Ku)t+Vu0(l+R,:)t (48)

Comparing (46) and (47) it is clear that the appropriate discount rate for the equity
cash flow is different that the appropriate discount rate for the expected value of the equity.
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From (47) we see that the present value of the equity is negative if

t>|Og VUO(RF—g) /lOg 1+ Ku
Do[RE(1-T)-g] 1+Re

When t tendsto infinity, Ke = Kg = Re

In the example in Table 3, Ke =9.80%, Ke;=9.21% and Ks31=9.84%. PV [ $]<0 for
t>42 and PV o[ ECF]<O0 for t>68.

Although the equity value of a growing perpetuity can be computed by discounting
the expected value of the equity cash flow with a unique average rate Ke, the appropriate
discount rates for the expected values of the equity cash flows are not constant. Table 5
presents the appropriate discount rates for the expected values of the equity cash flows of
our example. According to Miles-Ezzell, Ke is119.03% for t = 1 and 9% for the rest of the
periods. According to Modigliani-Miller, Ke < Ku if g> Rg(1-T).

For all cases, the expected total return for the shareholder (Ksuari1) is Ke for all
periods because:

9So + ECRo(1+9) _ S0 +So(Ke-9) _
So So

KsHARL =

5. Appropriate discount rates for the tax shields (Krs)

The tax shield of the next period is known with certainty (Do Re T) under all
methods and the appropriate discount rate is Rr.

If the company maintains a constant book-value leverage, the appropriate discount
rate for the expected increases of debt is o; and the appropriate discount rate for the
expected tax shield of t = 2 (Ktsp) is such that:

Do+ g ReT  _ ReT Do 9Dg (49)
1+ Rp)1+Kys2) 1+Rp)? (+Rp)A+0)
_ (I+Rp)(A+0)(1+09)
1+Krs = 1+0+9(01+Rp) (50)

In the appendix (A.18), we show that the present value of thetax shieldintis:

-1
PVo[TS )= ReTDg| ———+ ol -1

A+Rp)' @+Rp) A+ o)X 1]

(51)

We also prove that the appropriate discount rate for the expected tax shield of
periodt, for t>1, is:.

-2
PVolTSial ;| o) - x4 o) @+ AX=D+9A+REXTZ-D  (52)

1+ Kig) =
ks PVo[TS(] L+ 0)(X —1) + 9@+ Rp)(X L -1)
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X1+ o)X -1

14 Krap) (14 K1g ) =
1+ Krsp)- L+ Krs) L+ o)(X -1+ gL+ Re)(X 1)

In the examplein Table 3, if o =7%, K15,=4.057%.

When t tendsto infinity, Krs= MIN[ o, (1+ Rg)(1+9)-1]

It isaso easy to calculate that, using (51), VTS, = iF’VO[TSt]: on;x
t=0 -

According to Miles-Ezzell, the appropriate discount rate for the expected tax
shieldsis Rgfor t =1 and Ku for t>1.

According to Modigliani-Miller, as the debt in any period is known today, the
appropriate discount rate for the expected tax shields of any period (Krs) is Re.

6. Appropriate discount ratesfor theincreases of debt (Kapr)

If the company maintains a constant book-value leverage, the appropriate discount
rate for the expected increases of debt (Kapt) is a.. According to Modigliani-Miller, as the
debt in any period is known today, the appropriate discount rate for the expected increases
of debt is Rr. According to Miles-Ezzell, the equivalent discount rate for the expected
increase of debt in period 1 (Kxp1) is such that:

EolAD;] gDy _ Do(+g) Dy
14Ky 1+Kapy  1+Ku  1+Rp (53)

g(1+Ku) 1+ RE)

Some algebra permitsto express 1+ Kpq =
9 P P T Rapy g(1+Rg)+Reg—Ku

(54)°

In our example, Kapy = -177.6%.

Fort=2: E [M .AD ]=D (1+9) [ A+9) 1 _ gDg (1+9)
F 0P TEAIT R0 k) @+ Ku) - (14 Rp) )T (1 K xpy)(1+ K ap)

After equation (53) it is obvious that K-p, = Ku. Repeating this exercise, we find
that K pt = Ku. Under Miles-Ezzell the appropriate discount rate for Vu, Dy, VTS and Vu;
is Ku, and as al of them are multiples of the free cash flow, aso AD; is a multiple of the
AFCF;: AD = [Do/ FCF] AFCFy.

Table 6 contains the value today of the increases of debt in different periods and
the sum of all of them. According to Miles-Ezzell the value today of the increases of debt in

® This result may be obtained also calculating (52) when a=Re
®|f g=0, then K p1 according to (54) is -100%, which does not make any economic sense. In this situation the
1+ Ku 1+ R,

expected value of the increase of debt is 0, but. E [Mm AD]
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every period is negative. It is interesting to note that while two theories assume a constant
discount rate for the increases of debt (Modigliani-Miller assume Rr and constant book
value leverage assumes o), Miles-Ezzell assume one rate for t = 1 and Ku for t>1. The
appropriate discount rate for the increase of debt int = 1 is, according to Miles-Ezz€ll,
equation (53), which is negative if g < (Ku- Rp)/(1+ Rg).

7. Appropriate discount ratesfor the value of debt (K)

The expected value of debt at t=1 (Do(1+g)) and the value of the debt today (Do)
must accomplish equation (55):

_DoRe __9Dg _ Do(1+9)

C1+Rg  1+Kap  14Kp (55)

Do
Substituting the expressions for K p, (appropriate discount rate for the expected
increases of debt) from the previous section, we find that:
a) according to Miles-Ezzel, Kp; =Ku

b) according to Modigliani-Miller, K p; = Rr
_(1+9(1+0)(1+RE)

c) with constant book-value leverage, 1+Kpm 1+ a+ g+ Ry) (56)
As Kpi= Krsi+1 We prove in the appendix (A.20) that:
t t
(1+ K o) (1+ K py) = — 79+ Rf) : (57)
N g1+ RE)[X" -1]
A+ a)[X -1]
if =R (1+Kpp)..(1+Kp) =@+Rp)' .Fort=1, (57) isequal to (56)

In the example in Table 3, Kp; and Kp, are 4.06% and 4.11%. When tends to
infinity, 1+Kp; = (1+g)(1+ Rg) if X <1, and 1+ Kp = (1+0) if X >1.

d) with constant book-value leverage and ADi= M FCF; :

_ (1+9)(A+Ku)(1+RE)
© 1+ Ku+gQ+ RE)

1+ K

In the examplein Table 3, Kp; and K, are 4.09% and 4.18%.
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8. Appropriate discount ratesfor the value of tax shields (Kyrs)

The expected value of the tax shield at t=1 (VTSy(1+g)) and the value of tax shields
today (VTSp) must accomplish equation (58):

DoRET , VTSy(L+0) (58)

VTS, =
SO 1+ RF 1+ KVTSl

Substituting the expressions for the value of the tax shields (equations (13), (15),
(18) and (21)), we find that:

a) according to Miles-Ezzdl, Kyts1 = Ku

b) according to Modigliani-Miller, Kytsi = R
_o1+Rp)A+9)

¢) with constant book-value leverage, 1+ Kytg (59)
o+ gRF
In the examplein Table 3, Kyts; and Ky s, are 4.88% and 4.91%.
d) with constant book-value leverage and AD=M FCF: 1+Ky1g = Ku(? RF)R(1+ 9
U+0RE

In the examplein Table 3, Kyts; and Kyrs; are 5.15% and 5.18%.

With constant book-value leverage (D=K Ebv;), Kp; and Kyts; are not equal:

9+ Re)1+9)

K —-K1g =
v ~Krtal Ku+gRr

In the case of constant book-value leverage, we provein the Appendix (A.22) that:

TDg gReX' 91+ RE)
PVo[VTS]= 1 -
olVTS:] Rp) | X-La-g @+oX-1] (60)

From (60), we get:

_ a(X-1(1+Rp)'A+g)
(1+ KVTS].)"'(1+ KVTSI) = R Xt B (OL— RF)(OL—g) (61)
F
1+ o)

9. Value today of the expected taxes

We aso derive the appropriate discount rates for the expected values of the taxes.
If we assume that the appropriate discount rate for the increases of assets is Ku, then the
appropriate discount rate for the expected value of the taxes of the unlevered company is
also Ku. But the appropriate discount rate for the expected value of the taxes of the levered
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company (KraxL) is different according to the three theories. According to Modigliani-
Miller and Fernandez, the taxes of the levered company are riskier than the taxes of the
unlevered company. According to Miles-Ezzell, however, both taxes are equally risky for
t>1."

If leverage costs do not exidt, that is, if the expected free cash flows are
independent of leverage,® the value of tax shields (VTS) may be stated as follows

VTS =Gug—Gig (62)

where Guy is the present value of the taxes paid by the unlevered company and G is the
present value of the taxes paid by the levered company.

Taking into consideration equations (4) and (5), the taxes paid every year by the
unlevered company (TaxesU) and by the levered company (TaxesL) are:

Taxesy = [T/(1-T)] PATuU = [T/(1-T)] (FCF: + AA)) (63)
Tax&u = [T/(l-T)] (ECFt + AAt 'ADt) (64)

The present values at t=0 of equations (63) and (64) are:

Gug = (%j(wo + % E[M,AA, ]) (65)

1

cLo=( s o+ Eeian - Seu oo (66)

The value of tax shieldsis the difference between Gu (65) and G, (66).

In section 2.1 we defined o as the appropriate discount rate for the expected
increases of the book value of assets. Modigliani-Miller and Miles-Ezzell do not make any
assumption about the appropriate discount rate for the increases of the book value of assets,
but this assumption is needed to calculate the value of the taxes paid by the levered and the
unlevered company. The appropriate discount rate for the expected taxes of the unlevered
company (Kraxui) IS such that:

Eq[Taxesy { T } (1+gFCR . dAg
(1+KTAXU1) 1-T (1+KU) (1+(X)

As E[Taxesy1]=[T/(1-T)] [FCFo(1+g) + gAo], we can calculate Kraxus.

(I+9)FCRy +0Ag
(1+ g)FCRy(1+ o) + gA o (1+ Ku)

(1+Kraxu1) = 1+ Ku)(1+a) (67)

"It the risk of the increase of assets is smaller than the risk of the free cash flows, then Miles-Ezzell provides a

surprising result: the taxes of the levered company are less risky than the taxes of the unlevered company.

8 When leverage costs do exist, the total value of the levered company is lower than the tota value of the

unlevered company. A world with leverage cost is characterized by the following relation:
Vu+Gu=S+D+GL + LeverageCost>S+ D + GL

Leverage cost is the reduction in the company’ s value due to the use of debt.
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If o= Ku, then Kraxu= Ku.

The appropriate discount rate for the expected taxes of the levered company is:

Eo[Tastﬂ:[ T } (1+9)FCR , 0Ag  DoRg(1-T)
(1+ KTAXLl) 1-T (1+ KU) (1+ O() (1"1‘ RF)

As E[Taxes 1] = [T/(1-T)] [FCFo(1+g) + gAo— Do R (1-T)]
(1+ g)FCRy + 0Ag — DoRE(1-T)

HET T A gRCR, . 0Ap _ DoRe@- D)
1+ Ku) 1+ o) 1+RE)

(68)

For t > 1, (for example, for t=2), the present valueis.

Eq[Taxes 1 [(1+0)
A+ KraxL1) @+ Kraxi2)

PVo[Taxes =

It is obvious that, according to Miles-Ezzell, Krax 2= Kuif o=Ku.

From equation (62) we can calcul ate the present value of the levered taxes aso as:

T A
GLo = GUg - VTS, =ﬁ{wo+ (3_3)}—VTSO (69)

Although Kraxut and Kraxit are not constant, we can calculate Kraxy and Kraxi
such that GU(_) = Ta_XESUo (1+g) / (K_TAXU - g) and G, = Taxes g (1+g) / (KTAXL - g) Some
algebra permitsto find, for all theories:

_ Vug(o—g)Ku+gaA 70
T Voo 9980 o
_ So(Ke—g)+g(Ap —Dy)
KraxL =9+ Po  VISA-T) (72)
Vug + -
(0-09) T

In our example (Table 3), if o= 7%, Gu = 870.48, and Kraxu =
8.437%, but Kyaxu1 1S 8.556% and tends to 7% when t tends to infinity. If g= 9% = Ku, Gu
=946.67, and Ktaxu = Kraxut is 9%. According to Miles-Ezzell, Krax. < Kraxu-

Table 7 presents the appropriate discount rates for the expected values of the taxes
in the initial periods for our example and their average. According to Miles-Ezzdll, if o =
Ku = 9%, KraxLt i 10.19% for t = 1 and 9% (equal to Kraxut) for the rest of the periods.
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According to Miles-Ezz€ll, if oo = 7%, Ktaxr1 1S 9.64% and Kyaxi2 is 8.44% (smaller than
Kraxuz2). According to the other theories, Ktax.: IS higher than Ku (9%) and grows with t.

10. Appropriate discount rate for capital gains

In the Appendix, we deduct the appropriate discount rate for the expected capital
gains in formulae (A.37) to (A.41). It may be seen that for our example the appropriate
discount rate for the capital gains in the first periods are negative according to all theories.
This result contradicts Cooper and Nyborg (2006), who affirm that “since capital gains are
known with certainty, the appropriate discount rate for them istherisk free rate”.

11. IsKu independent of growth?

Up to now we have assumed that Ku is constant, independent of growth. From
equation (6) we know that FCF; = PATu; - AA:.

If we consider that the risk of the unlevered profit after tax (PATu) is independent
of growth, and that Kpaty IS the required return to the expected PATu, the present value of
equation (6) is:

_(1+9)FCR _ (1+9)PATuy Ao
(Ku-9)  (Kpaty—-9) (0-9)

VUO

(1+g)FCRy
(1+g)PATuy  dAg
(Kpatu—9) (0—0)

Ku=g+

Table 8 contains the required return to the free cash flows (Ku) as a function of
I(required return to the increase of assets)and g (expected growth). It may be seen that Ku
isincreasingin g9 if o< Kpaty, and decreasing in gif o> Kpaty

12. Conclusions

The value of tax shields depends only upon the nature of the stochastic process of
the net increase of debt. More specifically, the value of tax shields in a world with no
leverage cost is the tax rate times the current debt, plus the tax rate times the value today of
the net increases of debt. This expression is equivalent to the difference between the present
values of two different cash flows, each with its own risk: the value today of taxes for the
unlevered company and the value today of taxes for the levered company. The critical
parameter for calculating the value of tax shields is the value today of the net increases of
debt.

® This result contradicts Cooper and Nyborg (2006), who maintain that “Ku is decreasingin g”.
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When the debt level is fixed, Modigliani-Miller (1963) applies, and the tax shields
should be discounted at the required return to debt. If the leverage ratio (D/E) is fixed at
market value, then Miles-Ezzell (1980) applies with the caveats discussed. If the leverage
ratio is fixed at book values and the increases of assets are as risky as the free cash flows
(the increases of debt are asrisky as the free cash flows), then Fernandez (2004) applies. We
have developed new formulas for the situation in which the leverage ratio is fixed at book
values but the increases of assets have a different risk than the free cash flows.

We argue that it is more realistic to assume that a company maintains a fixed book-
value leverage ratio than to assume, as Miles-Ezzell (1980) do, that the company maintains
afixed market-value leverage ratio because:

5. The amount of debt does not depend on the movements of the stock market,
6. Itiseasiertofollow for unlisted companies, and

7. Managers should prefer it because the value of tax shieldsis higher.

On top of that, the Miles-Ezzell framework provides some results that make
questionable economic sense:

1. Inmany scenarios, the present value of the debt increases is negative.

2. The appropriate discount rate for the expected increase of debt in the next period is
too high: -177.6% in the example in this paper.

3. The appropriate discount rate for the expected equity cash flow in the next period
istoo high: 119% in the examplein this paper.

4. In many scenarios, the appropriate discount rate for the expected taxes of the
levered firm is equal to or lower than the appropriate discount rate for the expected
taxes of the unlevered firm.



20

Table 1 Index to the formulaein this paper

R A v e
DL S D, fixed "IDL FCF,

VTS ) (21) (18) (13) (15)
K o1, K bt (54), Ku Rr, Re 0,0 Ku, Ku
PVo([1Dy) (19). (20) (16), (17) (8). (12) (14)
Ke = f(Ku) (27) (28) (43) (32) (39)
Ko, K (23) Ku, Ku (45), (48) (35), (37) (40), (42)
Key, Ke (30), Ku (44) (34) (39)
(1+Ke) (31) (46) (36) (41)
Kpa, Ko Ku, Ku Re, Re (56), (57) (56), (57)
Kvrs (58) Ku Re (59), (61) (59), (61)
Kyt (A.10) Ku Ku Ku Ku Ku
K vt =K rert (A.12) Ku Ku Ku Ku Ku
Kres, Krst Re, Ku Re, Re Re, (52) Re, (52)
PVo(S) (31) 47) 37 (42)
Taxesy, (63)
Taxes (64)
Gu (65)
G (66)
Kraxut (67), (70)
Kraxte (68), (71)
PV (Ebvy) (A.34) (A.35) (A.36)
Kcer, Keat (A37), (A41) | (A.38), (A41) | (A.39), (A.41) (A.42) (A.40), (A.42)
vu (A.10)
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Table 2 Valuetoday of theincreases of debt implicit in the most popular formulaefor calculating the
value of tax shields.

Per petuities growing at a constant rate g

Authors VTS 2 PV[[1D{]
Miles-Ezzell (1980) Do R T (1+Ku) Do ( Ku- R,:j
Arzac-Glosten (2005) (Ku-g) (1+Rf) Ku-g{~ 1+Rg

o DoRgT g-Dg
Modigliani-Miller (1963 — e ——
g (1963) (RE-9) Re-¢
DoaT -D
Constant book-val ue leverage 0% L]
(a—9) a-g
Constant book-value leverage DoKuT gDg
Debt as risky as assets (Ku-g) Ku-g

Ku = unlevered cost of equity
T = corporate tax rate
D, = debt value today

Re = risk-free rate
o = required return to the increases of assets
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Table 3 Example. Valuation of a constant growing company

FCFo=70; Ap = 1,000; D, = 700;
Re=4%; Ku=9%; T =40%; g=2%; Vuo= 1,020.

Modigliani- Debt proportional to equity book
Miller Miles-Ezzell value (D, = K-Ebvy)
D, fixed D, =K E, o= 9% =Ku a=7
AD=K-CFd, AD=K-AFCF AD=K-FCF; AD=AA/(1+1/K)

VTS, 560.00 167.69 360.00 392.00

Equity value (So) 880.00 487.69 680.00 712.00

PV[AD{] 700.00 -280.77 200.00 280.00

Gu=PV[TAXu] 946.67 946.67 870.48 946.67

GL =PV [TAX] 386.67 778.97 510.48 554.67

Ke average 9.80% 16.07% 12.09% 11.63%

Kraxu average 8.44% 8.44% 9.00% 8.44%

KraxL average 14.86% 8.38% 11.74% 10.97%

Debt proportional to equity book
Modigliani-Miller | Miles-Ezzell value (D = K-Ebvy)
Dy fixed D; = K-E; a=9% =Ku o=7%

t=1 t=2 t=1 t=2 t=1 t=2 t=1 t=2
Ke; 9.21% 9.23% | 119.03% 9% | 10.30%| 10.35% 9.87% 9.92%
Kst 9.84% 9.89% 9% 9% | 12.27%| 12.47% 11.80% 11.99%
Kaot 4% 4% | -177.6% 9% 9% 9% 7% 7%
Kot 4% 4% 9% 9% 4.09% 4.18% 4.06% 4.11%
Kvut 9% 9% 9% 9% 9% 9% 9% 9%
Kvrst 4% 4% 9% 9% | 5.145%| 5.178% 4.881% 4.905%
Krst 4% 4% 4% 9% 4% | 4.094% 4% | 4.057%
Kraxut 8.56% 8.55% | 856%| 8.55% 9% 9% 8.56% 8.55%
KraxLt 9.64% 9.69% | 9.64%( 8.44% | 10.19%| 10.24% 9.64% 9.67%
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Table 4 Value of thetax shields (VTS) according to the different theoriesasa function of g

(expected growth) and o (required return to the incr ease of assets).

Do =700; Rg = 4%; Ku =9%; T =40%

9

0% 1% 2% 3% 4% 5%
Miles-Ezzell 130.43 146.73 167.69 195.64 23477 293.46
Modigliani-Miller 280.00 373.33 560.00| 1120.00 o0 oo
D; = L-Ebv;; 0=5% 280.00 350.00 466.67 700.00| 1399.90| 13266.67
D; = L-Ebv;; 0=7% 280.00 326.67 392.00 490.00 653.33 980.00
D; = L-Ebv;; 0=9% 280.00 315.00 360.00 420.00 504.00 630.00
D; = L-Ebv;; 0=11% 280.00 308.00 342.22 385.00 440.00 513.33
D; = L-Ebv;; 0=15% 280.00 300.00 323.08 350.00 381.82 420.00

Table5 Appropriate discount ratesfor the expected values of the equity cash flows (Ke&)

FCFy=70; Dg=700; Re=4%; Ku=9%; T =40%; g=2%.

D, = L-Ebv; means that the company maintains a constant book-value leverage ratio. o is the
appropriate discount rate for the increases of assets.

Ke Ke

average t=1 t=2 t=5 t=10 t=20 t=30 t=40
Miles-Ezzell 16.07% | 119.03% 9.00% 9.00% 9.00% 9.00% 9.00% 9.00%
Modigliani-Miller 9.80% 9.21% 9.23% 9.26% 9.33% 9.56% 9.96%| 10.73%
D, = L-Ebv;; 0=5% 10.72% 9.44% 9.46% 9.55% 9.73% | 10.32% | 11.50% | 14.58%
D, = L-Ebv;; 0=7% 11.63% 9.87% 9.92% | 10.07% | 10.39% | 11.44%| 13.86%| 24.19%
D, = L-Ebv;; 0=9% 12.09%| 10.30%| 10.35%| 10.53% | 10.89% | 12.11%| 15.11%| 32.07%
D;=L-Ebv; 0=11% | 12.36%| 10.71%| 10.76% | 10.91% | 11.25% | 12.43%| 15.44%| 33.17%
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Table6 Valuetoday of theincreases of debt in different periodsand the sum of all of them

Do=700; Re=4%; Ku=9%; T =40%; g=2%.

PVo(ADy) t=1 t=2 t=3 t=4 t=5| t=10| t=20| t=30| t=40| t=50 Sum
Miles-Ezzell -18.03| -16.87| -15.79| -14.78 | -13.83| -9.92|-5.11 |-2.63 | -1.35|-0.70 | -280.77
Modigliani-Miller 13.46| 13.20| 12.95| 12.70| 12.46|11.30| 9.31| 7.67| 6.31| 5.20| 700.00
D, = L-Ebv;; 0=5% 13.33| 1295| 1258| 12.22| 11.87|10.27| 7.69| 575| 4.30| 3.22| 466.67
D, = L-Ebv; 0=7% 13.08| 1247| 11.89| 11.33| 10.80| 851| 5.27| 3.27| 2.02| 1.25| 280.00
D, = L-Ebv;; 0=9% 12.84| 12.02| 11.25| 10.53| 9.85| 7.07| 3.64| 1.87| 0.96| 0.50| 200.00
D, = L-Ebv;; 0=11% 12.61| 11.59| 10.65| 9.79| 899| 589| 253| 1.09| 0.47| 0.20| 155.56

Table7 Appropriate discount ratesfor the expected value of the taxes of the levered and unlevered
company.
Comparison of the results under three financial policies: Miles-Ezzell (ME), Modigliani-Miller (MM)

and the debt proportional to the book value of equity (D=K-Ebv).

Ku=9%; FCFy=70; Do =700; R =4%; T =40%; g=2%.

Kraxu Kraxt

D=K-Ebv ME MM

4% 6.52% 8.32% 6.22% 8.32%

7% 8.44%| 10.97% 8.38% 14.86%

8% 8.75% | 11.40% 8.77% 16.53%

o 9% 9.00% | 11.74% 9.08% 18.02%

10% 9.20% | 12.01% 9.32% 19.35%

13% 9.61%| 12.57% 9.85% 22.62%

Kraxu1 Kraxuz Kraxi1 Kraxie
D=K-Ebv ME MM | D=K-Ebv ME MM
4% 7.87% 7.82% 8.78%| 878%| 8.78% 877%| 7.55%| 8.77%
7% 8.56% 8.55% 9.64%| 9.64%| 9.64% 9.67%| 8.44%| 9.69%
8% 8.78% 8.78% 9.92%| 9.92%| 9.92% 9.96% | 8.73%| 9.98%
o 9% 9.00% 9.00%| 10.19%| 10.19%| 10.19%| 10.24%| 9.00% | 10.26%
10% 9.22% 9.22%| 10.47%| 10.47%| 10.47%| 10.51%| 9.27%| 10.54%
13% 9.85% 9.83%| 11.26%| 11.26%| 11.26%| 11.28%| 10.03%| 11.33%
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Table8 Ku asafunction of g (growth) and g(required return to the increase of assets) if the required

return to the profit after tax of the unlevered company (Kpaty) isfixed

KPATu: 9%, FCFO = 70, DO = 700, RF = 4%, T =40%.

0% 1% 2% 3% 4% 5%
7% 9.00% 9.40% 9.88% | 10.58% | 11.89%| 17.51%
8% 9.00% 9.16% 9.34% 9.54% 9.80% | 10.17%
o 9% 9.00% 9.00% 9.00% 9.00% 9.00% 9.00%
10% 9.00% 8.88% 8.76% 8.66% 8.58% 8.52%
12% 9.00% 8.70% 8.46% 8.27% 8.15% 8.10%
15% 9.00% 8.54% 8.20% 7.97% 7.85% 7.84%
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Appendix 1 General set up and derivation of some valuation formulae

To avoid arguments about the appropriate discount rates, we will use pricing
kernels. The price of an asset that pays a random amount x; at time t is the sum of the
expectation of the product of x; and My, the pricing kernel for timet cash flows:

I:)x = EE[Mt'Xt]
1
We will assume that
FCF1=FCKR (1 + g)(1 + &41) (A.1)

€w+1 1S a random variable with expected value equal to zero (Efew1] = 0), but with a
value today smaller than zero:
d

E([M t,t+1'€t+1]= IR, (A.2)
The risk-free rate corresponds to the following equation:
1 oo
T R _§E[|v|t-1] (A.3)

First, we deduct the value of the unlevered equity. If M+, is the one-period pricing
kernel at timet for cash flows at time t+1,

Vug = Ey lMt,t+1'FCFI+1J+ Eq lM t,t+1'Vut+1J (A-4)

A solution must be Vu; = a-FCF; then:

Vup = E¢ [M t,t+1'FCFt+1J+ E¢ [M t,t+l'aFCFt+1J= (1+a)E; lM t,t+1'FCFt+lJ (A-5)

According to (A.1):

E¢[M t,t+1'FCFt+1J = E([M tt+1"FCR (1+ g)]+ E¢[M t,t+1'FCR (1+ 9er) (A.6)

Using equation (A.6) and defining Ku = (Rg+d) / (1 - d):

FCR (1+09) B FCF (1+g)d FCR(1+g)(1-d) FCFK(1+Q)

(A7)
1+Rg 1+Rg 1+Rg 1+Ku

E¢ [M t,t+l'FCFt+l]=

Vu, = aFCF, = (1+4) —FClFJtr(iz 9. . _SJ_gé (A.8)
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Then:

Vu, =Y E[M, -FCF,]= (1u+ g; FCF, (A.9)
- -

K

The appropriate discount rate for Vu; is also Ku because:

_ FCRy(1+0) N Vug(1+9) _ Vug(Ku-g) N Vug(1+09) _

Vu
0 1+ Ku 1+ Ku 1+ Ku 1+ Ku

Vig (A.10)

If Dy = L-S;, the appropriate discount rate for the expected value of the unlevered
equity (Vu), for the expected value of the debt (Dy), for the expected value of the tax shields
(VTS), and for the expected value of the equity (S), isKuin all periods.

Using (A.10), the appropriate discount rate for AVu; (Kavu) iS.

Vi = YUoKU=0) | Vuo(+g) _Vup(Ku=g) , Vio , _gVug (A-11)
0 1+Ku 1+Ku 1+Ku 1+ R 1+ Kpavu '
14 K yyg = g(1+Ku)(1+Rg) (A.12)
. :

91+ Rg) —(Ku-Rp)

AsVu = aFCF; KAVut: KAFCFt- Looki ng at (54), KAVul = Kapt.

For t=2, as the expected value of AVu; is gVug(1+g), the expected value of the
difference between Vu, and Vu,, known in t=1:

GVuo(l+g)  _Vup(l+9)?  Vug(l+g)
A+ Kavu)@+Kavyz)  @+Kuw? @+ Ku)(1+Rg)

It isclear that KAy = Ku = Karcre. Using the same argument, it may be shown that
for t>1, Kavu = Ku = Karcrt

Miles-Ezzell present value of the increases of debt

Equation (19) is the present value of the expected increase of debt in period 1. The
present value of the expected increase of debt in period t (as Dy.1 isknown in period t-1) is:

Do(1+9)'  Dgl+g)"™
A+Ku'  (1+Rp)A+Ku)?

Eo[MoyAD, ]= (A.13)

The sum of al the present values of the expected increases of debt is a geometric
progression with growth rate = (1+g)/(1+Ku). The sumis:
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> Do Ku—RFj
Eo|Mg(-AD;¢ |= - A.14
t:Zl o[ ot t] (Ku-g) (9 1+ Ry ( )

Miles-Ezzell formulae with continuous adjustment of debt

If debt is adjusted continuously, not only at the end of the period, then the Miles-
Ezzell formula (21) changesto
Do p T

VTSy = J5 TpD eV dt = —

(A.15)
where p = In(1+Rg), v = In(1+g), and x = In(1+Ku).
Perhaps formula (A.15) induces Cooper and Nyborg (2006) and Ruback (1995 and

2002) to use (A.16) as the expression for the value of tax shields when the company
maintains a constant market-value leverageratio (D; = L S):

DoRg T

VTS, =
S0 Ku-g

(A.16)
But (A.16) isincorrect for discrete time: (21) isthe correct formula.

D: = L-E; is absolutely equivalent to D; = M-Vu;. In both cases AD; = X-AFCF,
where X =Dg / FCF,.

Derivation of formulasif debt isproportional to the book value of equity

The present value of the tax shield of period tis:

Do(1+9) ' ReT _ DoReT  9DoReT +9Do(1+g)t_2RFT

= A.l7
1+ Rp)(A+Krgp)-(1+Krg)  1+Rp)!  1+Rp)7Ha+ ) 1+Rp) A+ o)t ( )

Krs is the appropriate discount rate for the tax shields (TS). (A.17) takes into
consideration the fact that the appropriate discount rate for the increases of debt is o. (A.17)
is the sum of a geometric progression with a factor X = (1+g)(1+ Re)/(1+ o). The solution
is.

t-1
1 g[X —1]

PV,[TS,]= ReTD
olTS/=R¢TDo 1+Rp)' L+ Rp) ™+ X 1]

(A.18)

And the appropriate discount rate for the expected tax shield of period tis:
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A+ a)(X -1 + g1+ Re) (X2 -1)

(1+ KTS() — PVo [Tstfl]

1+9g) = X(1 A.19
PVo[TS:] (+g)=X(1+a) A+ o) (X 1)+ g1+ Re)(X -1 (A-19)
As Kpi= Krsi+1 Using (A.18), we know that:
t t
PVolTStal= ReTDo1+0) =ReTDo S g[x _1]
(1+Rp)(A+Kpy)..(1+Kpy) A+Rp)™ 1+ Rp) A+ o)X -1]
t t
(L4 K p)-(1+ K o) = — - RE) (1*?)
L @+ Re)gIXT 1
1+ o)X —1]
(A.20)
And the present value of thedebt intis:
t t
F’\/O[Dt]z D0(1+g) _ DO 1+ g(1+ RF)[X —1] (AZl)
(1+Kpy)--(1+Kp)  (1+Rp)! 1+ o)X -1]
We calculate the present value of the value of tax shieldsin t from the equation:
VTSy(1+9)°
VTS = PV TS, |+...+ PV [T
° olTSil+-.+PVol St]+(1+KVTSl)(1+KVTSZ)---(1+KVTSt)
Itisclear that:
VTSy(1+g)" -
PVolVTS,|= =PVy[TS . =Y PVp[TS
olvTS:] A+ Kyrs) A+ Kys2)--(1+ KyTst) olTSual+ t+21 olTs:]
w 1 g(xt—l_l)
PVolVTS;|=RETD
olVTS]=Re Otgﬂl(u Re)' +(1+ Re) A+ a)[x -1]
We have three geometric progressions with different growth factors. The result is:
TDo gReX' gL+ Re)
PVolVTS = 1 - A.22
olvTS (1+RF)t[ ) (1+oc)[X—1]1 (A-22)

R:TDy (1+0)"

ifa=Rr;X=(1+g)and  PV,[VTS]= Rr—0 (s R.)!
F

; (1+Kyte) =(1+RE)

To calculate the present value of the equity in t, we start with equation (A.23)
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_ECR(+9), ECRy(1+9)" . So(1+9)°

0 (A.23)
(1+Key) (1+Kep)...1+Key) (1+Kg)..(A+Kg)
Itis clear that
PV, [S, = Sot+g)' & ECR(l+g)
I+ Kg)..A+Kg) 1 1+Ke)..1+Ke;)
From equation (24), we know that:
oo t oo -1 t-1
Ve[S ]= 3 FCR(A+9) & Dogd+9) DoRe(1-T)(A+09) (A.24)

o @+Kw' w1 Qo) tr1 I+ Rp)1+Kpy)...(1+Kpgg)

(A.22) isdso the sum of the present values of the tax shields from t+1 on, then, the
last term of equation (A.24) is:

F,VO[VTSt]l—T:(1-T)D0[1+ gREX " g(1+R,:)1 (A.25)

T @Ryt X-Ya-g @+a)x-1]

Calculating the sum of the two geometric progressions in (A.24) and using (A.25),
we get:
Pvgfs, = YUo@r @' DoX'!  (@-TDg|, @ReX'!  gl+Re) | (p o5
@+Ku'  (e-g)@+Rp)! @+Rp)| X

-1a-g) @A+o)X-1]

(A.26) may be simplified into:

PVO[S]=VUO(1+gt)t+ Dog(1+g)tt_ (-T)D, i REX =D (A.27)
@+Ku)!  (0—g)l+0)! (1+Rp)(0-g) X -1]

If .= Rg, (A.27) is

_Vug(1+9)' Do(1+9)' , DoTRe(1+9)"
@+Ku)'  @+Rp)'  (RE-9)1+Rg)

PVolS]

Do(XT

Ift=0, (A.27)is. Sy=Vuy—Dg+
( ) 0 0~ Yo (0—g)

PVo[Si]<0 if

(1-TDo |, Re(X' =D | Vue(l+9)' = Dogll+g)'
(1+Rg) (a—-g) [x-1] 1+Ku'  (@-g)L+a)!
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The present value of the unlevered equity intis

t
Pvplvu, = Y2+ 9 (A.29)
(1+ Ku)

(A.27), (A.22), (A.21) and (A.28) satisfy the condition:

PVo[Vu ]+ PV [VTS | = PVg[Dy |+ PVolS;]

To calcul ate the discount rate of the expected equity cash flow in t, we use equation
(A.23):

ECRy(l+g)' )
(1+Key)..(1+ Key) PVolSta]-PVolSt] (A.29)

Using (A.27) and some algebra permits to find:

So(Ke-g) (A.30)
Vup(Ku-9)  ~ DoRp(1-T) |Re-o+g(+ Rp)X L , 9o
(1+Ku)® 1+ g)t—1(1+ RF)t g1+ Rp)+Rg -0 1+ o)

1+ Kep)...1+Ke) =

The appropriate discount rate for the expected value of equity implied by Modigliani-
Miller

Calculating present value of equation (1) at t =1:
EolM 0,1'VT51J = Eg|M 0,1'51]+ EolM 0,1'D1]— EolM 0,1'VU1]

vTs,-4t9) _g @+ 5 (+9 _,, _(A+9
(1+Rp) (I+Kg) (1+Rp) (1+Ku)
SO _ So +(VTSO - Do)KU+VUORF (A 31)
1+Kg) (1+Rg)(1+Ku) '
(Sp —Vug)(@+ Ku)t_1 +Vug(1+ R,:)t_1 (A.32)

(1+Kg)=(1+Rg)(1+Ku)
(Sp - Vug)(@+Ku)' +Vug(1+RE)"

So(+RE) @+ Ku)' (A.33)
(Sp = Vug)@+ Ku)' + Vug(1+ Rg)"

t
Ml+Kg)=
1

Present value of the expected increases of the book-value of equity

Using equation (4), the present value of the future increases of equity is equal to
the present value of the future increases of assets minus the present value of the future
increases of debt. Therefore, the present value of the future increases of equity, according to

the different theoriesis:
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ME: S Eo[Mo,AEby, |=Po Do ( —K“_RFJ A.34

t:Zl o[ ot t] (0—g) (Ku-g) g9 1+ Ry ( )

MM: S Eg[Mg DY, |=- 20 __9Po A.35

% EolMocat )= R =g (A-39)

Di=K-Ebvg 3 Eg[Mg,-aBby, |- 3A0=Do) _ GEVo (A.36)
-] ’ (0—-09) (a—9)

Appropriate discount rate for capital gains, Kcgt

So(1+ Q) S g
PVol(S1—So)int=1]= 10 % __ %%
+KS]. 1+ RF 1+ KCGl

1 _ (+9) 1

= - (A.37)
1+Keer 91+Kg) 9(1+RE)
According to Miles-Ezzell, asKg = Ku, (A.37) is:
1 _ 1+9g 1 (A.38)
1+Kegr  9(+Ku) g(l+Rp)
Kcet = Ku if t>1. Inour example, Kcey =-177.6%.
According to Modigliani-Miller, using (45), (A.37) is:
1 1 (Ke-Rg)A+09) (A.39)

1+Kogy (@+Rp) g+ Rp)(1+Ku)

In our example, Kce1 = -160.8%.

If Debt is proportional to the Equity book value and the increase of assets is
proportional to the free cash flow, using (40), (A.37) is.

1 1 Ke-Rg
1+Kegr (@+Ku) g1+ Ku)(1+REg)

(A.40)

In our example, Kcey = -137.7%.

The present value of the expected capital gainintis:

Sp(1+9)" S gS@+gtt

PVol(St - So)intet | = - =
ol(St = So)int=] (1+Kg)-(1+Kg) @+Rp)! @+ Kegy)-(+Keg)
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1 _ (1+09) 3 1 (A.41)
(1+Kcer)--(A+Kea) 9@+ Kg)--(1+Kg)  ga+g) ™t a+Re)!

It is interesting to note that Kcg: (except for t = 1) are equal for Miles-Ezzell and
under the constant book-value leverage ratio.

Total expected return for the shareholder

Thetotal expected return for the shareholder is Ke in every period because

gS, + ECF,(1+g) ¢S, +S,(Ke—g)
Kspar, = S = S =
0 0

Ke (A.42)
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